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Abstract. The Ashkin-Teller (AT) model is a generalization of Ising 2-d to a four states spin 
model; it can be written in the form of two Ising layers ( in general with different couplings ) inter- 
acting via a four-spin interaction. It was conjectured long ago (by Kadanoff and Wegner, Wu and 
Lin, Baxter and others) that AT has in general two critical points, and that universality holds, in 
the sense that the critical exponents are the same as in the Ising model, except when the couplings 
of the two Ising layers are equal (isotropic case). We obtain an explicit expression for the specific 
heat from which we prove this conjecture in the weakly interacting case and we locate precisely the 
critical points. We find the somewhat unexpected feature that, despite universality holds for the 
specific heat, nevertheless nonuniversal critical indexes appear: for instance the distance between 
the critical points rescales with an anomalous exponent as we let the couplings of the two Ising lay- 
ers coincide (isotropic limit); and so does the constant in front of the logarithm in the specific heat. 
Our result also explains how the crossover from universal to nonuniversal behaviour is realized. 

1. Introduction 

1.1 Historical introduction. Ashkin and Teller [AT] introduced their model as a generalization 
of the Ising model to a four component system; in each site of a bidimensional lattice there is a 
spin which can take four values, and only nearest neighbor spins interact. The model can be also 
considered a generalization of the four state Potts model to which it reduces for a suitable choice 
of the parameters. 

A very convenient representation of the Ashkin Teller model is in terms of Ising spins [F]; one 
associates with each site of the square lattice two spins variables, and cr x 2 ' '; the partition 
function is given by Z Am = Y!, a m,aW e~ ffA « , where 

ffA M (^U (2) ) = J^HfaM) + J^Hj(a^) + WfrW, <,<■*>) = J2 H $ T > 

xGA„ 

H^oto) = - £ k«Vg, + , (L1) 

where Hi is the Ising model hamiltonian, e\, en are the unit vectors e\ = (1,0), en = (0,1) and 
Am is a square subset of Z 2 of side M. The free energy and the specific heat are given by 

/= J im TH l0 % Z ^ > °v = ^ m Tf2 E <W>Am,t, (1-2) 

x,y£A M 

where < • >a a/ ,t denotes the truncated expectation w.r.t. the Gibbs distribution with Hamiltonian 
(1.1). The case = J^ 2 ' is called isotropic. For A = the model reduces to two independent 
Ising models and it has two critical points if J^ 1 -* 7^ J^ 2 -*; it was conjectured by Kadanoff and 
Wegner [K] [KW] and later on by Wu and Lin [WL] that the AT model has in general two critical 
points also when A ^ 0, except when the model is isotropic. 
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The isotropic case was studied by Kadanoff [K] who, by scaling theory conjectured a relation be- 
tween the critical exponents of isotropic AT and those of the Eight vertex model, which had been 
solved by Baxter and has nonuniversal indexes. Further evidence for the validity of Kadanoff 's pre- 
diction was given by [PB] (using second order renormalization group arguments) and by [LP] [N] (by 
a heuristic mapping of both models into the massive Luttinger model describing one dimensional 
interacting fermions in the continuum) . Indeed non universal critical behaviour in the specific heat 
in the isotropic AT model, for small A, has been rigorously established in [Ml]. 

The anisotropic case is much less understood. As we said, it is believed that there are two 
critical points, contrary to what happens in the isotropic case. Baxter [Ba] conjectured that 
"presumably" universality holds at the critical points for ^ (i.e. the critical indices are 
the same as in the Ising model), except when = when the two critical points coincide and 
nonuniversal behaviour is found. Since the 1970's, the anisotropic AT model was studied by various 
approximate or numerical methods: MigdaKKadanoff Renormalization Group [DR], Monte Carlo 
Renormalization group [Be], finite size scaling [Bad]; such results give evidence of the fact that, far 
away from the isotropic point, AT has two critical points and belongs to the same universality class 
of Ising; however they do not give informations about the precise relative location of the critical 
points and the critical behaviour of the specific heat when is close to j( 2 \ The problem of how 
the crossover from universal to nonuniversal behaviour is realized in the isotropic limit remained 
for years completely unsolved, even at a heuristic level. 

We will study the anisotropic Ashkin-Tcllcr model by writing the partition function and the 
specific heat as Grassmann integrals corresponding toad = 1 + 1 interacting fermionic theory; this 
is possible because the Ising model can be reformulated as a free fermions model (sec [SML] [H] [S] or 
[ID]). One can then take advantage from the theory of Grassmann integrals for weakly interacting 
d= 1 + 1 fermions, which is quite well developed, starting from [BG1] (see also [BG] [GM] or [BM] 
for extensive reviews). Fermionic RG methods for classical spin models have been already applied 
in [PS] to the Ising model perturbed by a four spin interaction, proving a universality result for 
the specific heat; and in [Ml] to prove a nonuniversality result for the 8 vertex or the isotropic AT 
model. By such techniques one can develop a perturbative expansion, convergent up to the critical 
points, uniformly in the parameters. 

1.2 Main results. We find convenient to introduce the variables v^> = tanh Jw, j = 1,2 and 

t=—^ , u=—^ (1.3). 

The parameter u measures the anisotropy of the system. We consider then the free energy or the 
specific heat as functions of t, u, A. 

If A = 0, AT is exactly solvable, because the Hamiltonian (1.1) is the sum of two indipendent 
Ising model Hamiltonians. From the Ising model exact solution [0][SML][MW] one finds that / is 
analytic for all t, u except for 

t = tf = V2- 1± |u| (1.4) 

and for t close to tf the specific heat C v has a logarithmic divergence: C v ~ — C log \t — tf | , where 
C > and ~ means that the ratio of both sides tends to 1 as t — > tf . 

We consider the case in which A is small with respect to \/2 — 1 and we distinguish two regimes. 

1) If u is much bigger than A (so that the unperturbed critical points are well separated) we find 
that the presence of A just changes by a small amount the location of the critical points, i.e. we 
find that the critical points have the form tf = \/2 — 1 + 0(A) ± |u|(l + 0(A)); moreover the 
asymptotic behaviour of C v at criticality remains essentially unchanged: C v ~ — Olog \ t — t^\. 

2) When u is small compared to A the interaction has a more dramatic effect. We find that the 
system has still only two critical points tf(X, u); their center (t++t~)/2 is just shifted by 0(A) from 
\/2— 1, as in item (1); however their relative location scales, as u — > 0, with an "anomalous critical 
exponent" 77(A), continously varying with A: more precisely we find that i+ — t~ = 0(\u\ 1+n ), 
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where rj is analytic in A near A = and r/ = —b\ + 0(A 2 ) , b > 0. In particular the relative location 
of the critical points as a function of the anisotropy parameter u with A fixed and small has a 
different qualitative behaviour, depending on the sign of A, see Fig 1. 
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u 

FIG 1. The qualitative behaviour of t+(A,u)— t~(\,u) as a function of u for 
two different values of A (in arbitrary units). The graphs arc (qualitative) 
plots of 2\u\ 1+v , with tj~-6A, h>0. 

For t — ► tf(X, u) the specific heat C v has still a logarithmic divergence but, for all m/0, the 
constant in front of the log is 0(\u\ Vc ), where r\ c is analytic in A for small A and n c = aX + 0(A 2 ), 
a =/= 0. The logarithmic behaviour is found only in an extremely small region around the critical 
points; outside this region, C v varies as t — > t~-(X,u) according to a power law behaviour with 
nonuniversal exponent. The conclusion is that, for all u ^ 0, there is universality for the specific 
heat (which diverges with the same exponent as in the Ising model); nevertheless nonuniversal 
critical indexes appear in the theory, in the difference between the critical points and in the 
constant in front of the logarithm in the specific heat. One can speak of anomalous universality 
as the specific heat diverges at criticality as in Ising, but the isotropic limit u — > is reached with 
nonuniversal critical indices. 

With the notations introduced above and calling D a sufficiently small 0(1) interval (i.e. with 
amplitude independent of A) centered around \/2 — 1, we can express our main result as follows. 

Main Theorem. There exists E\ such that, for t ± u £ D, j = 1, 2, and |A| < e\, one can define 
two functions tf(\, u) with the following properties: 

t±{\,u) = V2-l + is*(\)±\u\ 1+ v(l + F ± {\,u)) , (1.5) 

where |^*(A)| < c|A|, |F ± (A,u)| < c|A|, for some positive constant c and r\ = 77(A) is an analytic 
function of X s.t. 77(A) = — bX + 0(X 2 ), b > 0, and: 

1) the free energy f(t,u,X) and the specific heat C v (t,u,X) in (1.2) are analytic in the region 
t ± u e D, I A| < £1 and t^tf (A, u); 

2) in the same region of parameters, the specific heat can be written as: 

C v = -dA 2 ^ log J d + C 2 1 —^ + C 3 (1.6) 

A 2 7i c 

where: A 2 d = f (t - t c ) 2 + (u 2 ) 1+ " and t c d = f {t+ + tj)/2; the exponent rj c = n c (X) = aX + 0{X 2 ), 
a^O, is analytic in X; the functions Cj — Cj(X,t,u), j = 1,2,3, are bounded above and below by 
0(1) constants; finally C\ — C 2 vanishes for X = u = 0. 

Remarks 

1) The key hypothesis for the validity of Main Theorem is the smallness of A. When A = the 
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critical points correspond to t ± u = \[2 — 1: hence for simplicity we restrict t ± u in a sufficiently 
small O(l) interval around 1. A possible explicit choice for D, convenient for our proof, could 
be D — [^^— — , 5 ( v ^~ 1 ) ]. Our technique would allow us to prove the above theorem, at the cost 
of a lengthier discussion, for any , > 0: of course in that case we should distinguish different 
regions of parameters and treat in a different way the cases of low or high temperature or the case 
of big anisotropy (i.e. the cases t « \/2 — 1 or t » \/2 — 1 or \u\ » 1). 

2) (1.6) shows how the crossover from universal to nonuniversal behaviour is realized. When m^O 
only the first term in (1.6) can be singular in correspondence of the two critical points; it has a 
logarithmic singularity (as in the Ising model) with a constant 0(A 2r,c ) in front. However the 
logarithmic term dominates on the second one only if t varies inside an extremely small region 
0(|w| 1+,, e~ a /l A l), a > 0, around the critical points. Outside such region the power law behaviour 
corresponding to the second addend in (1.6) dominates. When u — > one recovers the power law 
decay found in [Ml] for the isotropic case. See Fig 2. 
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FIG 2. The qualitative behaviour of C v as a function of t—t c , where i c =(i++t~ )/2. The three 
graphs arc plots of (1.6), with Ci=C2=l, C3=0, u=0.01, rj=rj o =0.1,0,— 0.1 respectively; the central 
curve corresponds to A=0, the upper one to A>0 and the lower to A<0. 

3) By the result of item (1) of Main Theorem, C v is analytic in A, t, u outside the critical line. 
This is not appearent from (1.6), because A is non analytic in u at u = (of course the bounded 
functions Cj are non analytic in u also, in a suitable way compensating the non analyticity of 
A). We get to (1.6) by interpolating two different asymptotic behaviours of C v in the regions 
\t — t c \ < 2\u\ 1+v and \t — t c \ > 2\u\ 1+r > and the non analyticity of A is introduced "by hands" 
by our estimates and it is not intrinsic for C v . (1.6) is simply a convenient way to describe the 
crossover between different critical behaviours of C v . 

4) We do not study the free energy directly at t = tf(X,u), therefore in order to show that 
t = iJ(A, u) is a critical point we must study some thermodynamic property like the specific heat 
by evaluating it at t ^ tf(\,u) and M = oo and then verify that it has a singular behavior as 
t — > tf. The case t precisely equal to tf cannot be discussed at the moment with our techniques, 
in spite of the uniformity of our bounds as t — > t f . The reason is that we write the AT partition 
function as a sum of 16 different partition functions, differing for boundary terms. Our estimates 
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on each single term are uniform up to the critical point; however, in order to show that the free 
energy computed with one of the 16 terms is the same as the complete free energy, we need to 
stay at t ^ t^r: in this case boundary terms are suppressed as <~ e - KM l*-* c l ; K > o, as M — > oo. 
If we stay exactly at the critical point cancellations between the 16 terms can be present (as it is 
well known already from the Ising model exact solution [MW]) and we do not have control on the 
behaviour of the free energy, as the infinite volume limit is approached. 

1.3 Strategy of the proof. It is well known that the free energy and the specific heat of the Ising 
model can be expressed as a sum of Pfaffians [MW] which can be equivalently written, see [ID] [S] , 
as Grassmann functional integrals, see for instance App A of [Ml] or §4 of [GM] for the basic 
definitions of Grassmann variables and Grassmann integration. The formal action of the Ising 
model in terms of Grassmann variables ip, tp has the form 

\ [iMfr - *Wx + ? x (di + id )^ x - 2i^ x (di + d )^ x ] + i(V2 - 1 - t)^ x , (1.7) 

X 

where dj are discrete derivatives. V an d ip are called Majorana fields, see [ID], because of an 
analogy with relativistic Majorana fermions. They are massive, because of the presence of the last 
term in (1.7); criticality corresponds to the massless case (t = V2— 1). If A = the free energy and 
specific heat can be written as sum of Grassmann integrals describing two kinds of Majorana fields, 
with masses = — \/2 + 1 and = t^ — \[2 + 1. The critical points are obtained by 
choosing one of the two fields massless (in the isotropic case t^ = t^ and the two fields become 
massless togheter). 

If A 7^ again the free energy and the specific heat can be written as Grassmann integrals, but 
the Majorana fields are interacting with a short range potential. By performing a suitable change 
of variables, the partition function can be written, see §2 and §3, as a sum of terms S 7 ^ 72 (71,72 
label different boundary conditions) of the form 



"AT 



= J P{d^)e- vW ^^ , P{d^)=V^e- z ^ + > A ^ , (1.8) 



where: ip = {-0+ x , V'J x }w=±i are elements of a Grassmann algebra; Dtp is a symbol for the 
Grassmann integration; is a short range interaction, sum of monomials in ip of any degree, 
whose quartic term is weighted by a constant Ai = 0(A); and Z\ , Aip) has the form: 

Zi £ < x (3i - iwW" x - ^i< x C,x + ^Mi<xC,-x - «,x(3i - i^)C,x (1-9) 

x,o? 

with u\ = 0(t — \pl + 1) + 0(A), = 0(u) (in particular in the isotropic case the terms 

proportional to [i\ and /3i are absent). If A = 0, o~\ = (m^+m^)/2 and /xi = (m^ — m^)/2. i\) ± 
are called Dirac fields, because of an analogy with relativistic Dirac fermions; they are combinations 

of the Majorana variables ip^\ip^\ j = 1,2, associated with the two Ising layers in (1.1): hence 
the description in terms of Dirac variables mixes intrinsically the two Ising models and will be 
useful in a range of momentum scale in which the two layers appear to be essentially equal. 
One can compute S 7 ^ 72 by expanding e~ v ( v ^i'M in Taylor series and integrating term by term 
the Grassmann monomials; since the propagators of P(dip) (i.e. the elements of A~ x , see (1.8), 
(1.9)) diverge for k = and cri±yUi = in the infinite volume limit M — > 00, the series can converge 
uniformly in M only in a region outside \a\ ± < c, for some c, i.e. in the thermodynamic limit 
it can converge only far from the critical points. 

Since we are interested in the critical behaviour of the system, we set up a more complicated 
procedure to evaluate the partition function, based on (Wilsonian) Renormalization Group (RG). 
The first step is to decompose the integration P(dip) as a product of independent integrations: 
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P(dip) — Ilh=-oo P(dip( h )), where the momentum space propagator corresponding to P(dip^) is 
not singular, but 0(j~ h ), for M — > oo, 7 being a fixed scaling parameter larger than 1. This 
decomposition is realized by slicing in a smooth way the momentum space, so that ip {h \ if h< 0, 
depends only on the momenta between ^ h ~ x and j h+1 . We compute the Grassmann integrals 
defining the partition function by iteratively integrating the fields ip^, tp(°\ . . ., see §4. After 
each integration step we rewrite the partition function in a way similar to (1.8), with the quadratic 
form Zi(ip + , Atp) replaced by Zh(tp + , A^ip), which has the same structure of (1.9), with Zh, ah, 
replacing Z\,o\,H\; the structure of Zh(ip + , A^ip) is preserved because of symmetry properties, 
guaranteeing that many other possible quadratic "local" terms are indeed vanishing, or irrelevant 
in a RG sense. The interaction is replaced by an effective action V^ h \ h < 0, given by a 
sum of monomials of ip of arbitrary order, with kernels decaying in real space on scale j~ h ; in 
particular the quartic term is weighted by a coupling constant A^ and the kernels of V*-' 1 ) are 
analytic functions of {Xh, . . . , Ai}, if Xk are small enough, k > h, and \ak\j~ k , \fi>k\7~ k < 1 (say - 
the constant 1 could be replaced by any other constant 0(1)). 

In this way the problem of finding good bounds for log 'B.at is reformulated into the problem 
of controlling the size of \h, ah, Hh, h < 0, under the RG iterations. We use a crucial property, 
called vanishing of Beta function, to prove that actually, if A is small enough, \Xh\ < 2|Ai| (recall 
that Ai = O(X)). The possibility of controlling the flow of A/j is the main reason for describing 
the system in terms of Dirac variables. For ah, jih, Zh, we find that, under RG iterations, they 
evolve as: ah — aij b2Xh , \ih — t l i"f~ b2Xh , Zh — 7~ blA h . Note in particular that Zh grows 
exponentially with an exponent 0(A 2 ); this is connected with the presence of "critical indexes" in 
the correlation functions, which means that their long distance behaviour is qualitatively changed 
by the interaction. 

We perform the iterative integration descrided above up to a scale h\ such that (|o7j* |)7~ hl = 

O(l), in such a way that (\ah \ + |M/i|)7 < 0(1), for all h > h\ and convergence of the kernels of 
the effective potential can be guaranteed by our estimates. In the range of scales h>h\ the flow 
of the effective coupling constant Xh is essentially the same as for the isotropic AT model [Ml] 
(since \nh\l~ h is small the iteration "does not see" the anisotropy and the system seems to behave 
as if there was just one critical point) and nonuniversal critical indexes are generated (they appear 
in the flows of ah,Hh and Zh), following the same mechanism of the isotropic case. 

We note that after the integration of ip^ x \ . . . ,t/)( h * +1 \ we can still reformulate the problem in 
terms of the original Majorana fermions ip^'- hl \ ■0( 2 '^ /l i) associated with the two Ising models in 
(1.1). On scale h\ their masses are deeply changed w.r.t. — \[2 + 1 and t^ — \[2 + 1: they 
are given by m h V = \a h ' ± \ + \nh{ \ and m h 2 ) = |cr ft - 1 - Note that the condition |cr h - 1 + | = 

0(7 ftl ) implies that the field is massive on scale h\ (so that the Ising layer with j = 1 

is "far from criticality" on the same scale). This implies that we can integrate (without any 
multiscale decomposition) the massive Majorana field tp^-'- h ^\ obtaining an effective theory of 
a single Majorana field with mass |o7j*| — which can be arbitrarly small. The integration 

of the scales < hi, see §6, is done again by a multiscale decomposition similar to the one just 
described; an important feature is however that there are no more quartic marginal terms, because 
the anticommutativity of Grassmann variables forbids local quartic monomials of a single Majorana 
fermion. The problem is essentially equivalent to the study of a single perturbed Ising model with 
"upper" cutoff on momentum space 0("f hl ) and mass \ah* \ — l^hjl- The flow of the effective 
mass and of Zh is non anomalous in this regime: in particular the mass of Majorana field is just 
shifted by 0(Xj hl ) from \<Th*\ ~ \t L h*\- Criticality is found when the effective mass on scale —00 
is vanishing; the values of t, u for which this happens are found by solving a non trivial implicit 
function problem. 

Finally, see §7, we define a similar expansion for the specific heat and we compute its asymptotic 
behaviour arbitrarily near the critical points. 

Technically it is an interesting feature of this problem that there are two regimes in which the 
system must be described in terms of different fields: a first one in which the natural variables 
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are Dirac Grassmann variables, and a second one in which they are Majorana; note that the scale 
separating the two regimes is dynamically generated by the RG iterations (and of course its precise 
location is not crucial and h\ can be modified in h\ + n, n e Z, without qualitatively affecting the 
bounds). 

2. Fermionic representation 

2.1 The partition function 5^ = X^U) exp{—J^Hi(a^)} of the Ising model can be written as 
a Grassmann integral; this is a classical result, mainly due to [LMS] [Ka] [H] [MW] [S] . In Appendix 
Al, starting from a formula obtained in [MW], we prove that 



s^=(-i^ 2 (2cosh 2 j(J))M2 e / n ^^^^(-i 

e,e'=± xeA M 



)^ e sV' ) (t° ) ) 



(2.1) 



where j = 1,2 denotes the lattice, 7 = (e,e') and <5 7 is <5 +i+ = = <5_ i+ = = 2 and, if 

tW) =tanhjW), 



x+e 



+ 



+ E [^x^x j) +^V« +Fi j) ^i j) + t^Jjr^ + h^v^ + vWh® 



x£A A 



(2.2) 



where H^ j) ,H { ^\ V^ j) , V% 

are Grassmann variables verifying different boundary conditions de- 
pending on the label 7 = (e,e') which is not affixed explicitly, to simplify the notations, i.e. 



fl x+Me ^ tfl x ! rl x+Me 1 — trt x 



, e,e' = ± 



(2.3) 



and identical definitions are set for the variables ,V ; we shall say that H {j \h^\V {j \v^ 
satisfy £-periodic (e'-periodic) boundary conditions in vertical (horizontal) direction. 



2.2 By expanding in power series exp{— XV}, we see that the partition function of the model 
(1.1) is 

Sat = E 

<x(l>,cr(2) 

= (coshA) 2M2 J2 e- j(1, ^ (1) )- 7(2> ^ (2) ). 



e -.7< 1 )H J (^ (1) ) e -/ <2) ff/(^ (2) ) e -Ay( CT < 1 ),<T( 2 )) = 



t(1).<t(2) 



(2.4) 



xGAj, 



where A = tanh A. The r.h.s. of (2.4) can be rewritten as: 

d 2 



n( 



l + A 



t=0,l 



L, "'x,x+ei x,x+ej 



4 1} ({^})4 2) ({^}) 



{J< 3 »,} = {J0)} 



(2.5) 



where 5^({J^,}) is the partition function of an Ising model in which the couplings are allowed 
to depend on the bonds (the coupling associated to the n.n. bond (x, x') on the lattice j is called 
J^x')- Using for Sj^({ ^x'l) an expression similar to (2.1), we find that we can express Eat as a 
sum of sixteen partition functions labeled by 71,72 = {si,e\), (£2,£ 2 ) (corresponding to choosing 
each sj and e'j as ±): 

E AT = i(coshA) 2M2 E (-1)** +S "Z%™ , (2.6) 

7l>72 



each of which is given by a functional integral 

S 7 - 72 = [4(l + \tWtW)] M2 f[(co S hJ^) M \-l) M ' 

• / f[ dH^dH^dV^dV^ e ^ 1 1 ) (*i 1, )+^ ) (*l 2) )+^ 



(2.7) 



xeAj 



where, if we define 



U) = \[t(i-t 2 + u 2 ) + (-iyu(i + t 2 -u 2 )] 

l + \(t 2 -u 2 ) 



(2.8) 



we have that t[ j) , j = 1, 2, is given by = + A (j) and Va by: 



("iViX^, + « ^Mk) , A . . (2.9) 

x£A M Al - r " ^ 

2.3 From now on, we shall study in detail only the partition function E^ T = ^ ' \ i.e. the 
partition function in which all Grassmannian variables verify antiperiodic boundary conditions (see 
(2.3)). We shall see in §5.5 below that, if (A, t, u) does not belong to the critical surface, which is a 
suitable 2-dimensional subset of [— £i,£i] x D x [— -^p, ^p] which we will explicitely determine in 

§5.6, the partition function S 7 ^ 72 divided by S^ 7l Sj 2 ^ 72 is exponentially insensitive to boundary 
conditions as M — > oo. 

As in [Ml] we find convenient to perform the following change of variables, a = ±, u = ±1: 
-L £ {-iay- l {H { ? +iuHW) = e ^ /4 (C,x-x2, x ) 

(2.10) 



4= ]r (-^r 1 ^ +^ x (j) ) =<> 



Let k e D-,-, where D_ _ is the set of k's such that fc = 27r/M(m + l/2) and fc = 27r/M(n +l/2), 
where — [M/2] < n ,ni < \{M — l)/2], n ,ni e Z. The Fourier transform of the Grassmanian 

fields 02 )X , = V,X, is given by C )k d = ExeA M e ~ iQkx C,x- 

With the above definitions, it is straightforward algebra to verify that the final expression is: 

j P{di>)P(d X )e W ' x)+v ^' x) , (2.11) 
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e 



-EM 



where: E is a suitable constant; Q(ip,x) collects the quadratic terms of the form VCixiX2 2 x 2 > 
V(ip,x) is the quartic interaction (it is equal to V\, see (2.9), in terms of the ip^j , X ^ variables); 
P(d(f>), <t> = tp,x, is: 

tx 



keD w=±l ke_D_ 



*W)=V LI II d <k^:,k^p{-4^2 E *^ T ^(k)*k}, 



/ isinfc + sin/co — icr0(k) — ^(isinfc + sinfc ) *M(k) 

ia^k) isinfc — sinfc — i/i(k) — ^(isinfc — sinfc ) 

— ^(isinfc + sinfc ) *M(k) * sin k + sin fc —ia^Qs.) 

\ — i/it(k) — ^(isinfc — sinfc ) ^(k) i sin fc — sin fc 

(2.12) 



where 

* +,T k=(^ k »fc,k.c,-k.fci,-k) . $T k=fci:^iki-Lj. ( 2 - 13 ) 

A/0 is chosen in suchawaythat J P(d<j)) = land, if we define t\ d =(t^+t^)/2, u\ d =(t^ —t^)/2, 
for (j) = ip,X we have: 

g0(k) = 2 (l + + 1 ) + cos fc + cos k - 2 , ^(k) = -{u\/t\)(co& k + cos k ) . (2.14) 



In the first of (2.14) the — (+) sign corresponds to <f> = ip (cf) = x). The parameter /j, in (2.12) is 
given by /j, = /i(0). 

It is convenient to split the y/2 — 1 appearing in the definition of cr^(k) as: 



V2-l = {V2-l+ V -)- V - d M H - V -, (2.15) 

where v is a parameter to be properly chosen later as a function of A, in such a way that the 
average location of the critical points will be given by t\ = t$ ; in other words v has the role of a 
counterterm fixing the middle point of the critical temperatures. The splitting (2.15) induces the 
following splitting of P(dip): 

def 

where P a (dip) is given by (2.12) with <fi = tp and a = 2(1 — t^/t\) replacing a^(0). 

2.4 Integration of the x variables. The propagators < 0x,u^y,w' > 01 the fermionic integration 
P{d(f>) verify the following bound, for some A, k > 0: 

I < Oyl' > I < Ae- K ^-y\ , (2.17) 

where fh^ is the minimum between | and | and, for j = 1,2, is given by rri^ = 2(t^ — 

t<i>)/t\, j = 1,2. Note that both and are 0(1). This suggests to integrate first the \ 
variables. 

After the integration of the \ variables we shall rewrite (2.11) as 

Zat = e- M2 ^ J Pz uau » uCi me- vm ^» , V«(0) = , (2.18) 

where Ci(k) = 1, Z\ = a\ = <r/(l — §), y«i = fi/(l— §) and Pz-i_,<ti,hi,c-l (dip) is the exponential 
of a quadratic form: 

o>=±l ^ 

ke_D_,_ ken_,_ 

4 (D rW _ /M«(k) iVW(k) 
^ W ~ I AfW(k) M«(k) 



M«(k) 

AT«(k) = 



(2.19) 

i sin fc + sin fco + af (k) — i (<7i + Ci(k)) 
i(c7i+ci(k)) i sin k — sin fc + a i (k) 

6+(k) i( W +di(k))" 
-i(pi + di(k)) 6f(k) 



where A/i is chosen in such a way that / Pz 1 ,<r 1 ,iJ, 1 ,C 1 (dtp) — 1. Moreover V^ 1 - 1 is the interaction, 
which can be expressed as a sum of monomials in ip of arbitrary order: 



2n 2n 

?,^(<i)w(i) 



v (1) w = E E n< i £ 1) <U( k i.---' k ^-i)^(E a ^) ( 2 - 2 °) 



n— 1 k 1 ,.-.,k 2n z— 1 i=l 



and S(k) = X)nez 2 ^k, 2 7rn- The constant Si in (2.18), the functions af , bf , c\ , di in (2.19) and 
the kernels W^ a u in (2.20) have the properties described in the following Theorem, proved in 
Appendix A2. Note that from now on we will consider all functions appearing in the theory as 
functions of A, <7i,/ii (of course t and u can be analytically and elementarily expressed in terms of 
A, <ri,/ii). We shall also assume |o"i|, |/zi| bounded by some O(l) constant. Note that if t±u belong 
to a sufficiently small interval D centered around V2 — 1, as assumed in the hypothesis of the Main 
Theorem in §1, then of course |oi|, |/Ui| < C\ for a suitable constant Ci (in particular, if D is chosen 
as in Remark (1) following the Main Theorem, we find |cri| < 1 + 0(e\) and | < 2 + 0(e\)). 

Theorem 2.1 Assume that |/ii| < c\ for some constant c\ > 0. There exist a constant s\ 
such that, if |A|, \i/\ < E\, then E^ T can be written as in (2.18), (2.19), (2.20), where: 

1) Ei is an O(l) constant; 

2) a f (k) , bf (k) are analytic odd functions o/k and Ci(k), rfi(k) real analytic even functions o/k; 
in a neighborhood of k = 0, af(k) = O(aik) + <3(k 3 ) 7 bf (k) = 0(/zik) + 0(k 3 ), Ci(k) = 0(k 2 ) 
and di(k) = (9(^ik 2 ); 

3) i/ie determinant \detA^(k)\ can be bounded above and below by some constant times [(<ti — 
[ii) 2 + |c(k)|] [(<7i + iix) 2 + |c(k)|] and c(k) = cosfc + cosfc - 2; 

^2n!a u are ana tytic functions ofki,X,u,ai,fXi, i = 1, . . . ,2n and, /or some constant C, 

K^Jki, ■ • • ,k 2n _i)| < M 2 C™|A| max ^ 1,n / 2 ^ ; (2.21) 
^-aj i/ie terms in (2.21) with n — 2 can oe written as 

Ll E ^k 1 ^i,k 2 V'-i,k3^i"k4 (5 ( kl + k2 - k 3- k4 )+ 



ki,...,k 4 

4 

+ E E w ^(ki,k 2 ,k 3 )c i \ ki c: ik2 c 3 3 ik3 c: ik ^(E^ k ^)' 

ki , . . .,k4 a,a? i— 1 

w/iere Li is rea/ and W^a^ki, k 2 , k 3 ) vanishes at ki = k 2 = k 3 = (j^, -p-); 
4~b) the term in (2.21) with n = 1 can oe written as: 



(2.22) 



i E E [ S i H w )<kCu,,k + M i (^)C,kC,,-k + ^1 (i sink + u; sin fc )C,kC,-k+ 

u/,a=± k 

+ Gi (i sin k + lu sin fc )V£,kC, k] + E E ^W k )fek# 



, JO! 

«2 - 0102k 

k ti,^ 

(2.23) 

where: W2,a,w(k) is 0(k 2 ) m a neighborhood of k = 0; 5i,Mi,Fi,Gi are rea/ analytic functions 
of A, o"i, /Hi, t/ s.t Fi = 0(A/ii) and 

Li=/i+0(A<ri) + 0(A/ii) , Si =s 1 + 7 n 1 +0(Ao- 2 ) + 0(A M 2 ) 

Mi =mi+0(AMifTi) + 0(AM?) , Gi = «i + 0(A<ri) + 0(A/ii) 

with s i = o\f\, m\ = \i\fi andl\,n\, f\, fi,z\ independent ofo-\,H\; moreover l\ = X/Z 2 + 0(X 2 ), 
fi, fi = 0(A), 7m = f /Zi + c^A + 0(A 2 ), /or some c\ independent of X, and z\ = 0(X 2 ). 

Remark. The meaning of Theorem 2.1 is that after the integration of the \ fields we are left 
with a fermionic integration similar to (2.12) up to corrections which are at least 0(k 2 ), and an 
effective interaction containing terms with any number of fields. 
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A priori many bilinear terms with kernel O(l) or O(k) with respect to k near k = could be 
generated by the x-integration besides the ones originally present in (2.12); however symmetry 
considerations restrict drastically the number of possible bilinear terms 0(1) or O(k). Only one 
new term of the form 5Z k (i sin k + u sin fco)V>2 k i>™ _ k appears, which is "dimensionally" marginal 
in a RG sense; however it is weighted by a constant (9(A/xi) and this will improve its "dimension", 
so that it will result to be irrelevant, see §3.2 below. 



3. Integration of the ip variables: first regime 

3.1 Multiscale analysis. From the bound on detA^(k) described in Theorem 2.1, we see that 
the ip fields have a mass given by min{|cri — \a\ + ^i\}, which can be arbitrarly small; their 
integration in the infrared region (small k) needs a multiscale analysis. We introduce a scaling 
parameter 7 > 1 which will be used to define a geometrically growing sequence of length scales 
1,7,7 2 , . . ., i.e. of geometrically decreasing momentum scales 7 , h = 0,-1,-2, . . . Correspond- 
ingly we introduce C°° compact support functions //i(k) h < 1, with the following properties: if 

|k| =Vsin 2 k + sin 2 k Q , when h < 0, f h (k) = for |k| < 7 '*- 2 or |k| > 7 '\ and f h (k) = 1, if 
|k| = 7 /l - 1 ; /i(k) = for |k| < 7- 1 and .fi(k) = 1 for |k| > 1; furthermore: 

1 

1 = f h (k) , where : h M = min{/i : 7' 1 > \/2sin— } , (3.1) 

h—liM 

and ^/2sm(n/M) is the smallest momentum allowed by the antipcriodic boundary conditions, 
i.e. \/2 sin(7r/Af) = minkeD_ _ |k|. 

The purpose is to perform the integration of (2.19) over the fermion fields in an iterative way. 
After each iteration we shall be left with a "simpler" Grassmannian integration to perform: if 
h = 1, 0, —1, . . . , Iim, we shall write 



"AT 



(3.2) 



where the quantities Zh, Oh, (J,h, Ch, Pz h ,<j h ,^ h ,c h (dip^- h ^), and Eh have to be defined recur- 
sively and the result of the last iteration will be = e~ M E ~ 1 + h M , i.e. the value of the partition 
function. 

Pz h ,a h ,/j, h ,C h (d^- h ') is defined by (2.19) in which we replace Z\, a\, fj,i, a" , , ci, di, Ci(k) with 
Z h , o-h, Hh, a%,b%,c h , d h , C ft (k), where C^(k)" 1 = Y,j=h M /i( k )- Moreover 



.def 



v {h) w - E ^ E II tti^wil^ . WE a * k » 

n=l k l k 2re-l. i=l i=l 

(3.3) 

00 In 

='e e ncci^^^jx,,...,^), 



71 = 1 *1, ■-■*2n, i=l 



where in the last line ji = 0, 1, o~i > and <9j is the forward discrete derivative in the ej direction. 

Note that the field ip(- h \ whose propagator is given by the inverse of ZhCh(k)A^\ has the same 
support of C^ 1 (k), that is on a strip of width j h around the singularity k = 0. The field ip^- 1 ^ 
coincides with the field ip of previous section, so that (2.18) is the same as (3.2) with h = 1. 

It is crucial for the following to think u , h < 1, as functions of the variables <7/c(k), /Xfe(k), 

k = h, h + 1, . . . ,0, 1, k e D__. The iterative construction below will inductively imply that the 
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dependence on these variables is well defined (note that for h = 1 we can think the kernels of 
as functions of ai,ni, see Theorem 2.1). 

3.2 The localization operator. We now begin to describe the iterative construction leading to 
(3.2). The first step consits in defining a localization operator C acting on the kernels of V^ h \ in 
terms of which we shall rewrite V^ 1 ) = CV^ + TZV^ h \ where 1Z = 1 — C. The iterative integration 
procedure will use such splitting, see §3.3 below. 

C will be non zero only if acting on a kernel W^ a w with n = 1,2. In this case L will be 
the combination of four different operators: £j, j = 0, 1, whose effect on a function of k will be 
essentially to extract the term of order j from its Taylor series in k; and Vj, j = 0,1, whose effect 
on a functional of the sequence 07j(k), /ih(k), . . . , <j\, [ii will be essentially to extract the term of 
order j from its power series in <7h(k), /i^(k), . . . , a\, fii- 

The action of Cj, j = 0, 1, on the kernels W 2 n_ a ^(ki, . . . , k 2 „) is defined as follows. 
1) If n= 1, 



(3.4) 



4 

r].ri'—±l 



where k vv > — {vft^'ji) are the smallest momenta allowed by the antiperiodic boundary condi- 
tions. 

2) If n = 2, A W[ h l„ = and 

^^^(ki, k 2 , k 3 , k 4 ) d ^W^Jk ++ , k ++ , k ++ , k ++ ) . (3.5) 

3) If n > 2, £ W2„,a lt , = £lW2n,*,u, = 0. 

The action of Vj, j = 0,1, on the kernels W 2n ,a,uj_, thought as functionals of the sequence 
er/j(k), fj,h(k), . . . ,ai, Hi is defined as follows. 

T , aW2n.a,u = W 2n ,a,uj\ , , 

— — — — \aW=fi( h )=0 

^ CT; de/ \ - T .dW2n.a,LU . dW2n,a.uj | 

- fc^k 9(T fc (k) o;(h)=^(h)=0 9^fe(k) 



CT< h )=Al(' l )=0. 



Given Cj,Vj, j = 0, 1 as above, we define the action of C on the kernels W2n,a,u as follows. 

1) If n= 1, then 

{£o(Po + Vi)W 2& u if wi + ^2 = and ai + a 2 = 0, 

C ViW2, a .u) if wi + w 2 = and ai + a 2 ^ 0, 
- — — 

CiVoW2 l a.u L if + W2 7^ and ai + a 2 = 0, 

if uji + ll>2 7^ and ai + a 2 ^ 0. 

2) If n = 2, then ^.a^^o^o^. 

3) If n > 2, then CW 2n& u i = 0. 
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Finally, the effect of L on is, by definition, to replace on the r.h.s. of (3.3) W 2n& u with 
£W 2n& u- Note that C 2 V^ = CV^. 

Using the previous definitions we get the following result, proven in Appendix A2.2. We use the 
notation = K(k)}^- 1 and ^ = {p k (k)} k k = h ^<\ 

Lemma 3.1. Let the action of C on be defined as above. Then 

£ V W (V ,(<fc)) = {sh+1 h n h )F^ +m h Fj*V +l h F^ h) + z h F^ h) , (3.7) 

where Sh,rih,mh,lh an d z h are real constants and: Sh is linear in aj h ) and independent of fj,^ ; 
rah is linear in p^ and independent of ; rih,lh,Zh are independent of g_( h \ ; moreover, if 

D h d = f D_^n{k:C^(k)>0}, 



(3.8) 



n- h) ^- h) )=wsE E ^ h) r { ti d = f ^ e ^(k), 

*P>(^ h) ) = ^ E ftg fc) ^S , ciS , ftg h, ^i + k 2 - k 3 - k4) 

ki,...,k 4 e-Dh 

= ^ E E(- infc +- sin w:i^;r i) ^ ^E^w- 

k£D h w=±l ke_D h 

w/iere 5(k) = M 2 X) n ez 2 ^,2™- 

Remark. The application of £ to the kernels of the effective potential generates the sum in (3.7), 
i.e. a linear combination of the Grassmannian monomials in (3.8) which, in the renormalization 
group language, are called "relevant" (the first two) or "marginaF operators (the two others). 

def 

We now consider the operator 1Z — 1 — C. The following result holds, see Appendix A2 for the 
proof. We use the notation TZi = 1 — C , 1Z 2 = 1 — C — L\, S\ = 1 — Vo, S 2 = 1 — Vo — "Pi- 
Lemma 3.2. The action of 1Z on W 2n ,a,w for n — 1, 2 is the following. 

1) If n= 1, then 

_ f [5 2 + ^ 2 (7>o + Pl)]W2,a,w if wi + w 2 = 0, 

RW 2 ,a,u = I [ftiSi + %Po]^2 &i! i «/ wi + w 2 7^ and a x + a 2 = 0, 

[ TZ 1 SiW 2t a.u L i/wi + w 2 7^ and ai + a 2 7^ 0, 

2) Ifn = 2, then HW ilSM = [Si + ftiPol^W,. 

Remark. The effect of IZj, j — 1,2 on W 2 ^ auj consists in extracting the rest of a Taylor se- 
ries in k of order j. The effect of Sj, j = 1, 2 on W 2 ^ a w consists in extracting the rest of a power 
series in (a^ h \ p,^) of order j. The definitions are given in such a way that 1ZW 2n ,a,u is at least 
quadratic in k,a^ h \p^ if n = 1 and at least linear in k, ct^ , when n = 2. This will give 

dimensional gain factors in the bounds for TZW^a u w.r.t. the bounds for H^jJ' nu , n = 1,2, as 
we shall see in details in Appendix A4. 



3.3 Renormalization. Once that the above definitions are given we can describe our integration 
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procedure for h < 0. 

We start from (3.2) and we rewrite it as 

/ Pz,^ fc ,, h ,c ft W(^)) e -^ (h> (^ ( ^ , )-^ (h, (^ <£h) )- M2 ^ , (3.9) 

with CV {h) as in (3.7). Then we include the quadratic part of CV^ (except the term proportional 
to n/j) in the fermionic integration, so obtaining 

f p_ ( d ^(<h) )e -l h F x (V^^ h) )~J h n h F„(^4,^ h ))-KV( h H^'<l> (£h) )-M 2 E h ,g 1q n 

where Z h _i(k) = / Z fc (l + z h C^{V)) and 

^_ l( k)<W^— (a,(k) + S ,C,7 1 (k)) , ^{VP-J^— (^(k)+m,C,; 1 (k)) 
^(k^^-^k) , ^(k^'^-W (3.11) 

The integration in (3.10) differs from the one in (3.2) and (3.9): ^ 
is defined by (2.19) with Z\ and replaced by Z/,_i(k) and A^ 1 X \ 

Now we can perform the integration of the tp^ field. It is convenient to rescale the fields: 

V^(V^~^ ( - h) ) d = A^a(v / ^^ ( -' i) )+7'V^ ct (v / ^^ ( -' i) )+^V( /i )(v^^ ( ^' i) ) , (3.12) 

where \ h = {-^fh, Vh = -^n h and TZV W = (1 - C)V^ is the irrelevant part of V [h \ and 
rewrite (3.10) as 

e- M2(t ^ } / ^_ 1 ^_ 1 ^_ 1 ,c,_ 1 (# ( ^- 1) ) / ^. 1 ^^ , ) e " 5W(V5:: * 8H) 

* (3.13) 

where we used the decomposition ip(- h *> = ip(^ h ~ 1 ') (and ^;(-' l_1 ) 5 ^C 1 ) are independent) and 

/ h (k) is defined by the relation C^(k)Z^\(k) = C^QQZ^ + f h (k)Z^\, namely: 

7 M d - f 7 \ c h 1{ ^-) C 'h\( k ) ] _ . v N ^A + i(k) i 
L Z fe _i(k) ^/i-i J L l + z/j/h(k)J 

Note that /^(k) has the same support as /^(k). Moreover P ~ 1 (dip^ h>> ) is defined in 

■£>h — 1 i^h — 1 yf^h — 1 5 

the same way as P~ ^ ^ ^ c ^ (dtp^), with Z/j_i(k) resp. C/j replaced by resp. J^ 1 . 

The single scale propagator is 



(3.15) 

where 

*S(*-y) = ^E eWk(x " y) A( k )[ i f" 1) ( k )]7(i),f( 2 o ( 3 - 16 ) 



k 
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with j(- 1) = j'(+,l) = 1, j(- -1) = i'(+,-l) = 2, = /(-, 1) = 3 and = 

i'(-,-l) = 4. One finds that ^,(x) = 9„${x) ~ aa'g { ^)(x), where £^(x), j = 1,2 are 
defined in Appendix A3, see (A3.1). 

The long distance behaviour of the propagator is given by the following Lemma, proved in Ap- 
pendix A3. 

def def 

Lemma 3.3. Let Oh =cr/ l (0) and Hh = IJ*h(0) and assume |A| < E\ for a small constant E\. 
Suppose that for h > h 

\ z h\<l > \sh\<\\o- h \ , \m h \<^ h \, (3.17) 



that there exists c s.t. 



-c|A| < 



07i 



£>7l-l 

and i/iat, /or some constant C\, 



< e c|A| f e -c|A| < < e c|A| ; e -cW < _jf^_ < eC |A|^ ; (3 . 18) 



m< Cl , ^<C i; (3.19) 



then, for all h > h, given the positive integers N,no,ni and putting n = no + n\, there exists a 
constant Cm,u s.t. 

Iflgflg'O* ~ y)l ^ c »» ! + (X(x - y)D" ' ^ ere d(x) = v( sin S' sin ^- 

(3.20) 

Furthermore, ifVa, V\ are defined as in (3.6) and Si, S2 are defined as in Lemma 3.2, we have that 
Vjg a h l,, j = 0,1 and Sjg^l,, j — 1,2, satisfy the same bound (3.20), times a factor (l gfe l+ l ^ fe l) J . 
The bounds for Vog^ a , and V\g^ a , hold even without hypothesis (3.19). 

After the integration of the field on scale h we are left with an integral involving the fields i/>(^ /l ~ 1 ) 
and the new effective interaction V^ 1-1 -*, defined as 

h M* = f p 7 (d^)e^ {h) ^V^~^- h) ) . (3.21) 



It is easy to sec that V^' 1 ^ is of the form (3.3) and that Eh-i = Eh +th + Eh- It is sufficient to 
use the well known identity 

M 2 ^ + v^- l ^v / ^^ ( -^ 1) ) = E^(- 1 )" +1 ^^ ( ' l) (\/^^ ( "' l) ); n ) > ( 3 - 22 ) 



n 

n>\ 



where £^{X{^ h ^);n) is the truncated expectation of order n w.r.t. the propagator Z h \g a l,, 
defined as 

4W»);n) = ^log/ P^^^jJ* 1 ^^*!^ . (3.23) 

Note that the above procedure allow us to write the running coupling constants Vh-i = {^h-i^h-i), 
h < 1, in terms of Vk, h < k < 1, namely Vh-i = 0h(vh, ■ ■ ■ ,v{), where [3h is the so-called Beta 
function. 

3.4 Analiticity of the effective potential. We have expressed the effective potential in terms of 
the running coupling constants Xk,^k, k > h, and of the renormalization constants Zk, Mfe(k), <7fc(k), 
k>h. 
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In Appendix A4 we will prove the following result. 

def def 

Theorem 3.1. Let ah = cr/i(0) and \Xh = Mh(0) and assume |A| < e\ for a small constant e\. 
Suppose that for h > h the hypothesis (3.17), (3.18) and (3.19) hold. If, for some constant c, 

max{|A fc |,K|}<c|A|, (3.24) 

h>h 

then there exists C > s.t. the kernels in (3.3) satisfy 

J dx!---^!^^^ (3.25) 
where Dk(n) = —2 + n + k and k = Y^i=i a i- 

Moreover \E h+1 \ + \t h+1 \ < c\X\j 2h and the kernels of CV^ satisfy 

|^|<C|A||^| , K|<qA||^| (3.26) 

and 

\n- h \<C\\\ , |^| < C*|A| 2 , \h\<C\X\ 2 . (3.27) 

The bounds (3.26) holds even if (3.19) does not hold. The bounds (3.27) holds even if (3.19) and 
the first two of (3.18) do not hold. 

Remarks. 

1) The above result immediately implies analyticity of the effective potential of scale h in the 
running coupling constants Xk,^k, k> h, under the assumptions (3.17), (3.18), (3.19) and (3.24). 

2) The assumptions (3.18) and (3.24) will be proved in §4 and Appendix A5 below, solving the 
flow equations for v h = (X h ,u h ) and Z h ,a h ,fi h , given by v h -\ = (3 h (v h , ■ ■ ■ , «i), Z h -i = Z h (l + z h ) 
and (3.11). They will be proved to be true up to h = — oo. 



4. The flow of the running coupling constants. 

The convergence of the expansion for the effective potential is proved by Theorem 3.1 under the 
hypothesis that the running coupling constants are small, see (3.24), and that the bounds (3.17), 
(3.18) and (3.19) are satisfied. We now want to show that, choosing A small enough and v as a 
suitable function of A, such hypothesis are indeed verified. In order to prove this, we will solve the 
flow equations for the renormalization constants (following from (3.11) and preceding line): 

Zh-i 1 . o-h-i , , Sh/crh-Zh Hh-\ , , m h /nh-z h 

-^—^l + z h , = H — , = H — , (4.1) 

Vh J- + Zh f-h 1 + Zh 

together with those for the running coupling constants: 



A/,-1 = Xh+ Px(Xh, Vh\ Ai, vi) 
Vh-\ =7 z/ /i + /3^(A/ l ,^/ l ;...;Ai,z/i) . 



(4.2) 



The functions (3\ , ffi are called the A and v components of the Beta function, see the comment 
after (3.23), and, by construction, are independent of o~k, (J*k, so that their convergence follow just 
from (3.24) and the last of (3.18), i.e. without assuming (3.19), see Theorem 3.1. While for a 
general kernel we will apply Theorem 3.1 just up to a finite scale h\ (in order to insure the validity 
of (3.19) with h = hi), we will inductively study the flow generated by (4.2) up to scale — oo, and 
we shall prove that it is bounded for all scales. The main result on the flows of Xh and Vh, proven 
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in Appendix A5, is the following. 



Theorem 4.1. If X is small enough, there exists an analytic function v*(X) independent oft,u 
such that the running coupling constants {\h, Vh}h<i with V\ = f*(X) verify \uh\ < c\X\^/ 2 ^ h 
and \Xh\ < c\X\. Moreover the kernels Zh,Sh and rat satisfy (3.17) and the solutions of the flow 
equations (4-1) satisfy (3.18). 

Once that v\ is conveniently chosen as in Theorem 4.1, one can study in more detail the flows of 
the renormalization constants. In Appendix A5 we prove the following. 

Lemma 4.1. If X is small enough and v\ is chosen as in Theorem 4-1, the solution of (4-1) can 
be written as: 

Z h = 1 ^ h -^ F < , v^^^+K , a h = a ll r " {h - 1)+F " (4.3) 

where riz^^^z and F]?,F[},F£ are O(X) functions, independent of ai,fii. 
Moreover r] a - r/ M = -bX + 0(|A| 2 ), b > 0. 

4.1 The scale h\. The integration described in §3 is iterated until a scale h\ defined in the 
following way: 

^de/|min{l, [log 7 |<7i|T4r]} if |<ti|t^7 > 21^1^, 
[ min {l, [log |u| ] } if lo-il 1 ^" < 2|yL*i 1 1 - r »* . 

From (4.4) it follows that 

C 2 1 K < \a h .\ + <Ci 7 h: , (4.5) 
with Ci, C2 independent of A, n\, o~\. 

This is obvious in the case h\ = 1. If h\ < 1 and \cri \ 1 -n<? > 2|^ 1 | T ^, then 7 /l i~ 1 = c a \ai\ , 
with 1 < c a < 7, so that, using the third of (4.3), we see that C2 r j h ' 1 < < C' x g h ^ , for some 

C[ , C2 = O(l). Furthermore, using also the second of (4.3), we find 

-c^-^| A i 1 || ( r 1 r^7 F " 1 -^ 1 <1 (4.6) 



\<*hi\ 

and (4.5) follows. 

1 1 , „ 1 

If h\ < 1 and |<7i| i-i* < 2\^ 1 \ 1 -"^ , then 7^1 _1 = c u \u\ , with 1 < c M < 7, so that, using the 

second of (4.3) and |^i| = O(M), we see that C2"f hl < < C[-f hl . Furthermore, using the 

third (4.3), we find 

\0~h*\ i-v<r „ h l „K 

' c2'-""|<7i|H~ 1 -"'7 ' M < Ci . (4-7) 



for some C" = 0(1), and (4.5) again follows. 

Remark. The specific value of h\ is not crucial: if we change h\ in h\ + n, n e Z, the constants 
C\ , C2 in (4.5) are replaced by different O(l) constants and the estimates below are not qualitatively 
modified. Of course, the specific values of C\,C2 (then, the specific value of h\) can affect the 
convergence radius of the pertubative series in A. The optimal value of h\ should be chosen by 
maximizing the corresponding convergence radius. Since here we are not interested in optimal 
estimates, we find the choice in (4.4) convenient. 

Note also that h\ is a non analytic function of (A, t, u) (in particular for small u we have 
j h * ~ |m| 1+ °( a )). As a consequence, the asymptotic expression for the specific heat near the 
critical points (that we shall obtain in next section) will contain non analytic functions of u (in 
fact it will contain terms depending on h\). However, as explained in Remark (3) after the Main 
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Theorem, this does not imply that C v is non analytic: it is clear that in this case the non analyt- 
icity is introduced "by hands" by our specific choice of h\ . 

From the results of Theorem 4.1 and Lemma 4.1, together with (4.4) and (4.5), it follows that the 
assumptions of Theorem 3.1 are satisfied for any h> h*. The integration of the scales < h\ must 
be performed in a different way, as discussed in next section. 

5. Integration of the ip variables: second regime 

5.1 Integration of the ip^ field. If h\ is fixed as in §4.1, we can use Theorem 3.1 up to the scale 
h = h\ + l. 

Once that all the scales > h\ are integrated out, it is more convenient to describe the system in 
terms of the fields ipu\tpu\ w = ±1, defined through the following change of variables: 



k 



If we perform this change of variables, we find Pz h » ,a h , ,n h , ,c h * — T\j = i P^ oj where, if 



1111 J ^h* > m h * i°h 

( # a-D)^ 

ft ! h* ^ 

A (K) (k fg ( Hsinfc - sinfco) + a+i j) (k) -i(mg(k) + cg(k)) \ 

V i(mg(k)+cg(k)) Hsinfc + sinfc )+a-i-'' ) (k) y ' 

and a£, W , m^?, are given by (A3. 2) with h = h* + 1. 

The propagators ffi^j 1 ' associated with the fermionic integration (5.2) arc given by (A3.1) with 
h = h\ + l. Note that, by (4.5), max^m^l, jm^l} = \a K \ + = 0(7^) (see (A3. 2) for the 

definition of m^V, m^). From now on, for definiteness we shall suppose that maxjlm^Vl, = 

|m^V|. Then, it is easy to realize that the propagator j^j 1 ^ is bounded as follows. 

K^^'IsWi < C N , n i + ( ^ ? | d(x) | )jy ' " = 710 + 711, (5.3) 

namely giV.S 1 '' satisfies the same bound as the single scale propagator on scale h — h\. This sug- 
gests to integrate out tp^ 1 '- hl \ without any other scale decomposition. We find the following result. 

Lemma 5.1 If |A| < e\, \<J\\, < c\ (ci,s\ being the same as in Theorem 2.1) and v\ is fixed 
as in Theorem 4-1, we can rewrite the partition function as 



r , = / Pf ^ c ( # (^))e-^ , ^i^ SfcI, >-^I , (5.4) 

Z h ,,m C h , 



where: m^(k) = mj^?(k) — 7 hl 7r/ l »C ft * 1 (k), with nh* a free parameter, s.t. \iTh'\ < c|A|; \Eh* — 
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E K \ < c|A| 7 2/l i; and 

oo 2n 2n 

n—1 u? i—1 i—1 

oo 2n 

= EE n^^l^£i^(xi, . . . ,x 2 „) , 

n—1 £_.j,co i—1 

(5.5) 



'wit/i F^ 2 '- h ^ given by the first of (3.8) with ip^'^^'fp^z!^ replacing V^^^V^/k^/ and W^ hl 



satisfying the same bound (3.25) as W^] z j ^ with h = h\. 



In order to prove the Lemma it is sufficient to consider (3.2) with h = h\ and rewrite Pz h » .<r h * .^ h * ,c h , 
as the product Ylj=i P^ m • Then the integration over the ^>( 1 >^'h) field is done as the in- 

1 h J 1 

tegration of the x's in Appendix A2, recalling the bound (5.3). 

Finally we rewrite m^) (k) as fh^) (k) + 7' i i7r/ l *C,~» 1 (k), where 7T/j* is a parameter to be suitably 
fixed below as a function of A, <7i,/Ui. 

5.2 TTie localization operator. The integration of the r.h.s. of (5.4) is done in an iterative way 
similar to the one described in §3. now we shall perform an iterative integration of the field ?p( 2 \ 
If h = hi, h{ — 1, . . ., we shall write: 



"AT 



[ P (2 L (2) {d ^) )e -V {h \^^)-M^E h (5 6) 

J Z h ,m h ,C h 



where is given by an expansion similar to (5.5), with h replacing h\ and Zh,m^ are defined 
recursively in the following way. We first introduce a localization operator C. As in §3.2, we define 
£ as a combination of four operators Cj and Vj, j = 0,1. Cj are defined as in (3.4) and (3.5), 
while Vo and Pi, in analogy with (3.6), are defined as the operators extracting from a functional 
of m^(k), h < h\, the contributions independent and linear in fh^\k.). Note that inductively 
the kernels can be thought as functionals of rhk(k), h < k < h\. Given Cj,Pj, j — 0, 1 as 

above, we define the action of C on the kernels W^j u as follows. 



1) If n= 1, then 

CW { ^{ w 

C 1 V W^ ifc^+wa^O. 



(fc) d _e/ / £ (Po + Pi) if wi + ^2 = 0, 

^ l/l/ 2, i£ - S (ft) 



2) If n > 2, then £w£ } = 0. 



It is easy to prove the analogue of Lemma 3.1: 



CV ih) = (s h + 7 V)^ 2 '^ ) + z h F?-- h) , (5.7) 



C 

i( 2 )/ 



where Sh,Ph and are real constants and: is linear in mi (k), h < k < hi; ph and 2^ are 

C 



independent of m!! 2 ^(k). Furthermore Fi 2 '^) and F^ h) are given by the first and the last of 



(3.8) with ^%- ft) r/£ 2 /-k replacing i>^ h) i>J^ h) ■ 

Remark. Note that the action of C on the quartic terms is trivial. The reason of such a 
choice is that in the present case no quartic local term can appear, because of Pauli principle: 
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*& h W**¥-i h & { -$ = o. 80 that £ oW 4 ,. = 0. 

Using the symmetry properties exposed in Appendix A2.2, we can prove the analogue of Lemma 
3.2: if n= 1, then 

w f Pa+fta^o+PiP^o, ifwi+W2 = 0, 
U^i^+^Po]^,^ if wi +0*^0, 

where <Si = 1 — Vo and <S 2 = 1 — Vo — V\\ if n = 2, then W^u = TZiW^. 

5.3 Renormalization for h < h\. If £ and 1Z = 1 — £ are defined as in previous subsection, we 
can rewrite (5.6) as: 

/ P zU™ Ch (d^( 2 ^ fc ))e-^ h) ^ (2, - h> )-^ (h ^^ (a - Sh) )-^ 2 ^ . (5.9) 
Furthermore, using (5.7) and defining: 

Z h ^(k) d M Zh (l + C^(k)z h ) , ^(k/W^— (fh h 2) (k) + C^(k)s h ) , (5.10) 

we see that (5.9) is equal to 

f pi 2 ) ^ 2 (^(2Xft)) e -7VFf^ h '(V^V< (2) ^ h )-KV h (V^:^ (2) ^ h )-Af 2 (i3 ft +t h ) ( 5U ) 

7 Z h-l."»h_l.Ch 

Again, we rescale the potential: 

P(^K«) = / 7V/,4 2, - h) (V^TV' (2 ^' l) ) + ^(V^ (2, - fc) ) , (5.12) 

where A-i = Zh-i(0) and 7r/j = (Zh/Zh-i)ph', we define Z^ 1 as in (3.14), we perform the single 
scale integration and we define the new effective potential as 



V (h - 1 \y^~ 1 ^ h -^)-M 2 E h dg I p (2) 



e 



^ / P (2) _ ~ 1 (^ (2 ^ l) )e- v ' l( ^ <2, " ,)) • (5.13) 



Finally we pose £7h-i = Eh + th + Eh- Note that the above procedure allow us to write the nh in 
terms of irk, h< k < /i*, namely nh-i = 7 717, + /^(tit,, ■ ■ ■ , 7T/,j), where is the -Beia function. 

Proceeding as in §3 we can inductively show that has the structure of (5.5), with h replacing 
h\ and that the kernels of are bounded as follows. 

Lemma 5.2. Let the hypothesis of Lemma 5.1 be satisfied and suppose that, for h < h < h\ and 
some constants c, -d > 

e -c|A| < Hh, < e e|A| ; e -c|A|^< A < e c|A| 2 ^ |^|< C |A| , |mp ) |< 7 V (5.14) 

T/ien the partition function can be rewritten as in (5.6) and there exists C > s.t. the kernels of 
satisfy: 

J dxi • • .dx 2n \W ( ^ h J* u . . . ,x 2 „)| < M 2 7 - SD *(") (dAI)™^ 1 '"- 1 ) (5.15) 
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where D k (n) = -2 + n + k and k = J^iZi Finally \E h+1 \ + \t h+1 \ < c\X\j 2h . 

The proof of Lemma 5.2 is essentially identical to the proof of Theorem 3.1 and we do not repeat 
it here. 

It is possible to fix 7r^* so that the first three assumptions in (5.14) are valid for any h < h\. More 
precisely, the following result holds, see Appendix A6. 

Lemma 5.3. If |A| < E\, | cri | , | A*i j < ci and v\ is fixed as in Theorem J^.l, there exists 
-K* h » (A, o~\, fix) such that, if we fix ir = 7r^* (A, a\, for h < h\ we have: 

KI<c|A| 7 W 2 )^) , mf=4f 7 ^ , Z h = Z h .y<, (5.16) 

where and F^- are 0(A). Moreover: 

n%. (A, aulix) ~ n* h , (A, a[, £)\ < c\X\ ^-DK ^ _ ^ + ^-DK ^ _ ^ |) (517) 

5.4 The integration of the scales < h%. In order to insure that the last assumption in (5.14) holds, 
we iterate the preceding construction up to the scale h* 2 defined as the scale s.t. |m^ 2) | < 7 fe - 1 for 
any h\ < k < h\ and [m^^l > j h 2^ 2 . 

Once we have integrated all the fields tp^ >h ^ , we can integrate ip( 2 >- h 2) without any further 
multiscale decomposition. Note in fact that by definition the propagator satisfies the same bound 
(5.3) with replacing h\. Then, if we define 



' iw y%-^.,v v = • <5 ' 18) 

we find that \E<h*\ < c|A|7 2/l2 (the proof is a repetition of the estimates on the single scale 
integration) . 

Combining this bound with the results of Theorem 3.1, Lemma 5.1, Lemma 5.2 and Lemma 5.3, 
together with the results of §4 wc finally find that the free energy associated to S^ T is given by 
the following finite sum, uniformly convergent with the size of Am : 

! 1 

Ji™ 00 J I 2 lo Z E AT = E<K+(E hl -E hl )+ ]T {E h +t h ), (5.19) 

h=h'+l 

where -E<h* = liniM^oo E<h* and it is easy to see that E<h*, for any finite h* 2 , exists and satisfies 
the same bound of E^* . 

5.5 Keeping K* 2 finite. From the discussion of previous subsection, it follows that, for any finite 
h%, (5.19) is an analytic function of X,t,u, for |A| sufficiently small, uniformly in hi (this is an 
elementary consequence of Vitali's convergence theorem). Moreover, repeating the discussion of 
Appendix G in [Ml], it can be proved that, for any j 1 * 2 > (here r y h ' 2 plays the role of \t — t c \ in 
Appendix G of [Ml]), the limit (5.19) coincides with liniM— oo 1/M 2 log S^j 72 for any choice 71,72 
of boundary conditions; hence this limit coincides with —2 log cosh A plus the free energy in (1.2), 
see also (2.6). We can state the result as follows. 

Lemma 5.4. There exists E\ > such that, if |A| < E\ and t ± u € D (the same as in Main 
Theorem), the free energy f defined in (1-2) is real analytic in A, t, u, except possibly for the choices 
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of X,t,u such that -f h2 = 0. 



We shall see in §6 below that the specific heat is logarithmically divergent as r y fl2 — > 0. So the 
critical point is really given by the condition j h i — 0. We shall explicitely solve the equation for 
the critical point in next subsection. 

5.6 The critical points. In the present subsection we check that, if t±u £ D, D being a suitable 
interval centered around \/2 — 1, see Main Theorem, there are precisely two critical points, of 
the form (1.5). More precisely, keeping in mind that the equation for the critical point is simply 
-f h 2 — (see the end of previous subsection), we prove the following. 

Lemma 5.5. Let |A| < s\, t ± u € D and Hh* be fixed as in Lemma 5.3. Then j' 12 = only if 
(A, t, u) = (A, tf(X, u),u), where tf(X,u) is given by (1.5). 

Proof From the definition of h* 2 given above, see §5.4, it follows that h\ satisfies the following 
equation: 



(5.20) 

for some 1 < c m < 7 and a a — signer. Then, the equation 7' 12 = can be rewritten as: 

\o- K \-\n K \-a^ h 'TT hl =0. (5.21) 

First note that the result of Lemma 5.5 is trivial when h\ = 1. If h\ < 1, (5.21) cannot be solved 

1 1 
when |cti| >2|^i| 1 -"m. In fact, 



/,,--! (5.22) 
37"' 



where c\, d x are constants = 1 + O(A), ith* = O(A) and j hl 1 = c a \ai \ , with 1 < c CT < 7. Now, 
if l/xil > 0, the r.h.s. of (5.22) equation is strictly positive. 

1 1 „ 1 

So, let us consider the case h\ < 1 and Icril 1 -^ < 2|^i| 1 "^ (s.t. 7^1 = c u log 7 |u| 1 - r "> , with 

1 < c M < 7)- In this case (5.21) can be easily solved to find: 

|<7i| = ^Wuy^cl^'^ 1 -^ 1 + M^c^a^ 1 -^ 1 ^ . (5.23) 

Note that c^ v " "f F ^ ^ F " 1 = 1 + O(A) is just a function of u, (it does not depend on i), because 
of our definition of h\. Moreover 7T/j» is a smooth function of t: if we call 7Th* (£, u) rcsp. 7r^* {t' , u) 
the correction corresponding to the initial data o~\ (t, u), H\(t, u) resp. o~i(t' , u), Hiit', u), we have 

|7r fc j(t,u)-7r/,.(t / ,u)| < c\X\\u\^\t-t'\ , (5.24) 

where we used (5.17) and the bounds \a\ — <t[\ < c\t — 1'\ and \fii — < c\u\\t — 1'\, following from 
the definitions of (cti, Hi) in terms of (a, /z) and of (t, u), see §2. 
Using the same definitions we also realize that (5.23) can be rewritten as 



t= ^. 1 + f ±M iW 1 + Xf(t, tt ))l 1 + A(t p) , (5.25) 
L 2 \ /J i + A 

where 
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and the crucial property is that r\ = — bX + 0(A 2 ), b > 0, see Lemma 4.1 and Appendix A5. We 
also recall that both r\ and v are functions of A and are independent of t, u. Moreover f(t, u) is a 
suitable bounded function s.t. \f(t, u) — f(t', u)\ < c\u\~( 1+ri>> \t — t'\, as it follows from the Lipshitz 
property of -Kh* (5.24). The r.h.s. of (5.25) is Lipshitz in t with constant O(A), so that (5.25) can 
be inverted w.r.t. t by contractions and, for both choices of the sign, we find a unique solution 



t = tf (A, u) = V2 - 1 + v* (A) ± (1 + F ± (A, u)) , 

with \F ± (X,u)\ < c\X\, for some cM 



(5.27) 



5.7 Computation of h* 2 . Let us now solve (5.20) in the general case of 7'' 2 > 0. Calling 



e = 7" 2 " 1 * m ' /c m , we find: 



e = 



= 7 (rj CT -l)(/ l ^-l)+^ 1 



ai\ - \ l i 1 \ 1 ^-^ h '- 1 )+ F >~ F > - a al 1+ ^-^ h ^- F '\ hl 



(5.28) 



If Icril 1 ^ 1 -^) < 2| M i| 1 /(i-'?m) j weuse7 ,l i- 1 = c^l 1 ^ 1 -^) and, from the second row of (5.27), we 
find: e — C||<7i| — \ a i° c \\ where af c = a\(X,tf,u) and C = C(X,t,u) is bounded above 

and below by 0(1) constants; defining A as in (1.6), we can rewrite: 



C 



A\u\ 1+ v 



|l+f 



C 



C" 



\t-tt\-\t-t- 

A 2 



(5.29) 



where C — C'(X,t,u) and C" — C"(X,t,u) are bounded above and below by 0(1) constants. 
In the opposite case (|cti | 1 /( 1-7 ' 5 ) > 2|^ii| 1 / (1 ~ , ^ ) ), we use j 11 ^ 1 = c (T |(7i| 1 / (1 ~ , ' <t) and, from the 
first row of (5.27), we find e = (7(1 — |/Ui||0i| _1 /( 1+7 ') — a al^h') = C, where C and C are bounded 
above and below by O(l) constants. Since in this region of parameters \t — | A - 1 is also bounded 
above and below by 0(1) constants, we can in both cases write 



C £ (X,t,u] 



\t-t+\ -\t-t- 



, C h£ <C £ (X,t,u)<C 2 ,e 



(5.30) 



and Cj. e , j — 1,2, arc suitable positive 0(1) constants. 

6. The specific heat 

Consider the specific heat defined in (1.2). The correlation function < H^ T Hy T >a m ,t can be 
conveniently written as 



< H^ T Hy T >a,t— 



d 2 



■log E AT (<j>) 



, ^at{4>) 



def 



E 



8(j) X d(j)y 

where <f) x is a real commuting auxiliary field (with periodic boundary conditions). 



(6.1) 



Repeating the construction of §2, we see that z.at(4") admit a Grassmanian representation similar 
to the one of Sat, and in particular, if x 7^ y: 



d 2 



log ^at(<P) 



d 2 



4>=o 



log^(-l) 



*7i+*nS^(0) 



71,72 



4>=o 



J = l,2 



(6.2) 



t7Cj) e s« (t< 1 ')+s( 2 2 ) (t< 2 > )+y A +e(0) 



x£Am 
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where <5 7 , S^\t^) and V\ where defined in §2 (see (2.2) and previous lines, and (2.9)), the apex 
71,72 attached to Eat refers to the boundary conditions assigned to the Grassmanian fields, as in 
§2 and finally B{<j>) is defined as: 



(6.3) 



l x " x +ei x "x+ei 1 ' x x+e x "x+e 7^ 

xGA 



where a^, a^ 2 ^ and a are O(l) constants, with — = 0{u). Using (6.2) and (6.3) we can 
rewrite: 



1 , 7771.72 

< H AT H AT > A , T = ^(cosh J) 2M2 J2 (-1)^+^ =^ < A x A y >™ , (6.4) 



where < • >a m 7 t ^ s tne avera g e w.r.t. the boundary conditions 71,72- Proceeding as in Appendix 
G of [Ml] one can show that, if ^ h2 > 0, < A x A y >a m 7 t ^ s exponentially insensitive to boundary 
conditions and ^ 72 (— 1) S ~ ]1+5 ~< 2 E A 1 T 12 /Eat is an O(l) constant. Then from now on we will study 

only E- AT {cj)) = / H^- ),(_,_) (0) and < A x A y > { ^' { ~'~ ) - 

As in §2 we integrate out the \ fields and, proceeding as in Appendix A, we find: 

Z-atW = J Pz^ u ^cAdi>)e vil)+Bm , (6.5) 

where 

BM(i>,<p)=j2 e <w.^ xi '"-'^ ;yi '"-' y2 ^[n^][nWiVj- 

m,n—l x i x m j— 1 i = \ 

We proceed as for the partition function, namely as described in §3 above. We introduce the scale 
decomposition described in §3 and we perform iteratively the integration of the single scale fields, 
starting from the field of scale 1. After the integration of the fields tp^\ ■ ■ ■ ,tp^ h+1 \ h* < h < 0, 
we are left with 

E- AT (t) = e -^+ s(h+1) (« J Pz h ,. h ^,cJ#^ h )e- vW ^ C - ,,) ) +BW ^ C - ,,) '*) , (6.7) 

where Pz h ,a h ,n h m h ,C h {dtp^- h ^) and V^*) are the same as in §3, 5 , ^' l+1 ' (<f>) denotes the sum of the 
contributions dependent on (f> but independent of ip, and finally B^ h \tj)^- h \ 4>) denotes the sum 
over all terms containing at least one 4> field and two tp fields. S^ h+1 ^ and B^ can be represented 
as 



5<*+i) ( = £ y: ^ +i) (x!,...,x m )n^ 

m=lxi---x m i=l 

oo £>j>a>w m 2n 

BW(^ fc ),0)= £ £ Bi fc i B ^^(xi,...,x ra ;y 1) ... > y aB )[n^][n^'^ a4 

m.n— 1 x i" -x m i—\ 2—1 

yi-y2n 

(6.8) 

Since the field is equivalent, as regarding dimensional bounds, to two ip fields (see Theorem 
6.1 below for a more precise statement), the only terms in the expansion for which arc not 
irrelevant are those with m = n = 1, <ti=<72 = and they are marginal. Hence we extend the 
definition of the localization operator C, so that its action on B^ h \tp^- h \ </>) is defined by its action 
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on the kernels B^ 2n . & J&x-, . . . , 

Qmi ki, . . . , k 2rl ): 

1) if m = n = 1 and a x + a 2 = ui +uj 2 = 0, then ^^^^(qi; ki, ^f^VoB^l^ ^(k + ;k + ,k + ), 
where Vq is defined as in (3.6); 

2) in all other cases £B^\ n . a w = 0. 

Using the symmetry considerations of Appendix B together with the remark that </> x is invariant 
under Complex conjugation, Hole-particle and (1)< — >(2), while under Parity (j> x — ► </>_ x and under 
Rotation <j>{x,x ) ~~ * < t > (-xo,-x)t we easily realize that CB^ has necessarily the following form: 

CE^^U) = \ £ ^x^+V^'t - (6-9) 

where is real and Zi = a^\ a=i i=Q = a' 2 ' | (T = A ,=o- 

Note that apriori a term w a <f>xipujx^ a ip^']? i s allowed by symmetry but, using (1)< — >(2) 
symmetry, one sees that its kernel is proportional to /ifc, fc > h. So, with our definition of localiza- 
tion, such term contributes to TZB^ h \ 

Now that the action of C on B is defined, we can describe the single scale integration, for h> h\. 
The integral in the r.h.s. of (6.7) can be rewritten as: 



(6.10) 



J Z h -!,(Th-l,Hh-l,f h K ' 

where V w was defined in (3.12) and 

B^ h \^Z^^ h \^B^\^fZ~ h ^ h \ <j>) . (6.11) 

Finally we define 

e -g h M 2 +s( h )(0)-v( h - 1 )(/^v-^ ft - 1) )+e( h - 1 )(V^'A^ h - 1) ,0) <i : |/' 

: f P M^W) e -v (h) (V^v- ( ^' l) )+e ( ' ,) (V^r7^ ( - h) ^) 

J Z h _ 1 ,cr h _ 1 ,n h _ 1 ,f h 1 ^ v > 



del 



(6.12) 



and 

E h ^E h +t h + E h , ^'(^S^^ + P^). (6.13) 

With the definitions above, it is easy to verify that Zh-i satisfies the equation Zh-i = Zh(l + ~Zh), 
where z h = b\ h + 0(A 2 ), for some 6^0. Then, for some c> 0, ~Z ie - c \ x \ h < ~Z h < Z ie c ^ h . The 
analogous of Theorem 3.1 for the kernels of B^ holds: 

Theorem 6.1. Suppose that the hypothesis of Lemma 5.1 are satisfied. Then, for h\ < h < 1 and 
a suitable constant C, the kernels of B^ satisfy 

J rfx 1 -.. C /x 2 „|B£ ro;£iji ^(x 1 ,...,x ro ;y 1) ...,y 2 „)| < M 2 7 -^ ( " )+m) (C|A|)"" ra ( 1 ' n - 1 ) , 

(6-14) 

where Dk{n) = —2 + n + k and k = J2 i=1 o~i • 

Note that, consistently with our definition of localization, the dimension of £ 2 i'-to o) (+ -) (u> -w) 
is D (l) + 1 = 0. 
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Again, proceeding as in §4, we can study the flow of Zh up to h = — oo and prove that Zh = 
Z l 'j r i^ h ~ 1 )+ F i , where rj is a non trivial analytic function of A (its linear part is non vanishing) and 
is a suitable 0(A) function (independent of cti,^i). We recall that Z\ = 0(1). 

We proceed as above up to the scale h*. Once that the scale h* is reached we pass to the ^\ ip^ 
variables, we integrate out (say) the ip^ fields and we get 

pf ^ „ (# ( 2 )(-n )e -v ( ^(^ (2 ^ P ) + ^^^ (2 '"^ , (6.15) 



ti*. 



withCB ht (^:^^) = z ht E x ^t- K) ^-if l) 

The scales h 2 < h < h\ are integrated as in §5 and one finds that the flow of Zh in this regime is 
trivial, i.e. if h* 2 < h < h\, Z h = Z h .^ F i , with F£ = 0(A). 

The result is that the correlation function < H^ T H^ T >a m ,t is given by a convergent power 
series in A, uniformly in Am- Then, the leading behaviour of the specific heat is given by the sum 
over x and y of the lowest order contributions to < H^ T H^ T >a m ,t 5 namely by the diagrams in 
Fig 3. Absolute convergence of the power series of < H^ T Hy T >a m ,t implies that the rest is a 
small correction. 



h h 




FIG 3. The lowest order diagrams contributing to <H^ T H^ t >a m ,t- The 
wavy lines ending in the points labeled x and y represent the fields rj> x and 
<f>y respectively. The solid lines labeled by h and going from x to y represent 
the propagators g^'fx— y). The sums are over the scale indeces and, even if 
not explicitly written, over the indexes a.w (and the propagators depend on 
these indexes). 



The conclusion is that C v , for A small and \t — \[2 + 1|, \u\ < (\/2 — l)/4, is given by: 



c °=m £ £ £ 



(z (1) ) 2 



x,yeA M wi,o)2=± 



G (+U),(+- 2 ) ( x - y) G (-,- wa ),(-,-«i)(y - x )~ 

z h - 



i(h') 



+ G 



(h) 

(+,Wl),(-,-U2) 



x -y) G (-'L l) ,(+- 2 )( x -y) 



x,yeA M h* 



where hV h! = max{/i, h'\ and w Jx) must be interpreted as 



(6.16) 



o (/l) fx) 

y (aiUl),(Q2,U2)^ ' 



if /i > h\ , 



G 



(ft) 

(oiui) ,(0:2,1^2) 



(x) 



3^1 ,J 2 ( x ) 
o (2, - h3) fxl 



(x)+ ff £ 2 1 ' ft j 2 ) (x) iffc = fci, 



if /i£ < /i < h\ , 
if /i = h%. 



l2 + n )h 



Moreover, if N,n Q ,m > and n = n +m, \d%°d Xo Q,fl (x)| < Ojv,»|A| 1+( ^ fe|d(x)|)JV . Now, calling 
% the exponent associated to Zh/Zh, from (6.16) we find: 



C v = -O l7 2rk/l i log 7 7 fc I- h 3 (1 + fijg fc . (A)) + 2 



x _ 7 2j, c (/iI-1) 



l + Q^A)), (6.17) 
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where |^V h .(A)|, |fljf. (A)| < c|A|, for some c. Note that, defining A as in (1.6), ^-v,)K A -i is 
bounded above and below by 0(1) constants. Then, using (5.30), (1.6) follows. 

Appendix Al. Proof of (2.1) 

We start from eq. (V.2.12) in [MW], expressing the partition function of the Ising model with 
periodic boundary condition on a lattice with an even number of sites as a combination of the 
Pfaffians of four matrices with different boundary conditions, defined by (V.2.10) and (V.2.11) in 
[MW]. In the general case (i.e. M 2 not necessarily even), the (V.2.12) of [MW] becomes: 

Zj = ^e- 0JH >^ = (-l) M2 i(2cosh/3J) M2 (-Pf4\+Pf4 2 +Pf4 3 + Pf4 4 ) , (Al.l) 
where 4, are matrices with elements (4j) Xi j ;yi fc, with x, y e Am, j, k = 1, . . . , 6, given by: 



(A0x;x = 



/ 0-10 1 \ 

-1 1 

1 -1 
10 0-10 
0-10 1 1 

V-i o i o -l o J 



041-2) 



and ((Ai 



'*,3 



rp 

tfii,lfij,2, ((^4i)x;x+e ) i ■ =^i,2^j,l, (4i) x; x+ei = ~ (4j ) x +ei;x, (4i) X ;x+e = 



-(Ai ) x +e ;x; moreover 



(Ai)(M,x );(l.xo) = ~( A i )(l,xo);(M,x ) = 2 (4i)(l,x );(2,x ) 

rp 

(Ai)( x ^M)-(xA) = ~{Ai )(x,l);(x,M) = (4i)(x,l);(x,2) i 



(41.3) 



where [^-] is the bigger integer < in all the other cases the matrices (4j) Xiy arc identically 
zero. 

Given a (2n) x (2n) antisymmetric matrix A, it is well-known that Pf A = (—1)" / dipi ■ ■ ■ <h\iin 
■ exp{i j ipiAijipj}, where ipi, . . . , ip2n are Grassmanian variables. Then, we can rewrite (Al.l) 
as: 

I . . 1 , - *\ 1 .. A / TT ,TT - . .— - — - •.((./( |-7-> (Al 4) 



(2cosh/3J) M2 ^(-l)^ / 11 dTf^dHZdYldV^dTldTZe sl ^ H V ^ , 



xGAj, 



where: 7 = (e,e'); e,e' = ±1; S 7 is defined after (2.1); H„ H%, V x , are Grassmanian variables 
with e-periodic resp. e'-periodic boundary conditions in vertical resp. horizontal direction, see 
(2.3) and following lines. Furthermore: 



!P (t; H, V, T) = t £ [S^^ +ei + 



7 

x+e 



+ 



(41.5) 



The T-fields appear only in the diagonal elements and they can be easily integrated out: 
IJ f dTldT2 exp {HIT? + HZTl + + Tjtf! + } = 

= II ( 1 W ~ H 1 - VOX! - v?h! - V2K) = 

xeA M 

= (-i) M ex P ^ \KhZ + vIv2 + v2hI + hzvI 

xGAm 



(41.6) 
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where in the last identity we used that 
(A1.6) into (A1.4) we find (2.1). 



HlHZ + VlV2 + V2 Hi + HZK 1 2 



0. Substituting 



Appendix A2. Integration of the heavy fermions. Symmetry properties 
A2.1 Integration of the \ fields. Calling V(ip, x) = Qi^, x) — vF a (ijj) + V(ip, x), we obtain 

~ f — 00 (—11" _ 

- J B 1 M 2 -Q( 1 )(V)-V( 1 )(V)=log / P(d x )e v ^)=^i-^^(V(V,X);«), (A2.1) 

Tl=0 

where E\ is a constant and is at least quadratic in ip and vanishing when A = v = 0. is 
the rest (quadratic in tp). Given s set of labels P Vi , i = 1, . . . , s and x(P Vi ) = Ylf e p v x"[/j x (/)' 
the truncated expectation £^(x(P Vl ), ■ ■ ■ , x{Pv s )) can be written as 

el{x{P Vl ), x(PvJ) = $>t I] 9x(flft) I dP T {t)ViG T {t) {A2.2) 

t eer J 

where: T is a set of lines forming an anchored tree between the cluster of poins P Vl , . . . , P Vs 
i.e. T is a set of lines which becomes a tree if one identifies all the points in the same clusters; 
t = {U t i> € [0, 1], 1 < < s}, dPr(t) is a probability measure with support on a set of t such 
that ti t y — Ui ■ Ui> for some family of vectors Ui € R s of unit norm; olt is a sign (irrelevant 
for the subsequent bounds); fj, /| are the field labels associated to the points connected by £; if 
«(/) = ("(/)> the propagator g x (f,.f) is equal to 

9x(f, /') = s&n^W) *(/'))=' < xl\^ U) xZ{ f i) W) > ; (^2.3) 

if 2n = Y^i=i \Pv t \, then G T (t) is a (2n — 2s + 2) x (2n — 2s + 2) antisymmetrix matrix, whose 
elements are given by G T ff , = t iU)ti{r) g x (f, /'), where: /,/' £ F T and Ft== U £eT {//,/f}; 
is s.t. / e -Pi(/); finally Pf G T is the Pfaffian of G T . If s = 1 the sum over T is empty, but we can 
still use the above equation by interpreting the r.h.s. as 1 if P Vl is empty, and detG(Pi) otherwise. 

Sketch of the proof of (A2.2). Equation (A2.2) is a trivial generalization of the well-known 
formula expressing truncated fermionic expectations in terms of sums of determinants [Le]. The 
only difference here is that the propagators < xZ 1 ,x 1 xZ 2 ,x 2 > are n °t vanishing, so that Pfaffians 
appear instead of determinants. The proof can be done along the same lines of Appendix A3 of 
[GM]. The only difference here is that the identity known as the Berezin integral, see (A3. 15) of 
[GM], that is the starting point to get to (A2.2), must be replaced by the (more general) identity: 

£ x (j[x(Pj))=^G = (-ir J 2?xexp[i( X ,G X )] , {A2A ) 

where: the expectation £ x is w.r.t. P(dx); if 2m — Y^j=i G is the 2m x 2m antisymmetric 
matrix with entries Gfj> — g*(j) a (f')( x (f} ~ x (/'))> an d 

n 

^=nn <?U) & g ^ = e x#U) g /./' <f>Ln ■ (A2.5) 

j=i feP 3 fJ'eUiPi 

Starting from (A2.4), the proof in Appendix A3 of [GM] can be repeated step by step in the present 
case, to find finally the analogue of (A. 3. 55) of [GM]. Then, using again that J 2?x ex P(x GxO/2 
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is, unless for a sign, the Pfaffian of G, we find (A2.2).i 



We now use the well-known property |Pf G T \ = ^/| det G T \ and we can bound det G T by Gram- 

def 

Hadamard (GH) inequality. Let H = R s ® Ho, where Tio is the Hilbert space of complex four 
dimensional vectors F(k) = (Pi(k), . . . , i<4(k)), Pj(k) being a function on the set T>--, with 
scalar product < F,G >— X)»=i l/-^ 2 ^*(k)Gi(k). We can write the elements of G T as inner 
products of vectors of H: 

G f,f = *i(/),i(/')5x(/. /') =< u *(/) ® A f> u *(/') ® S /' > > ( A2 - 6 ) 

where u 4 G K s , i = 1, . . . , s, are vectors such that t^i> — • u,/, and, if g* /(k) is the Fourier 
transform of ^ a ,(x — y), A/(k) and P/'(k) are given by 

f (1,0,0,0), ifa(/') = (- 1), 



B//(k) = e-^W) 



(0,1,0,0), ifa(/') = (- -1), (A2J) 
(0,0,1,0), ifa(/') = (+,l), 
1(0,0,0,1), ifa(/') = (+,-l), 



With these definitions and remembering (2.17), it is now clear that \PfG T \ < C n s+1 , for some 
constant C. Then, applying (A2.2) and the previous bound we find the second of (2.21). 

We now turn to the construction of Pz-i,ai,m,Cn m order to prove (2.19). 

We define e~ tlM Pz^.^d (#) = Px(*/0e~ Q W , where ti is a normalization constant. In 
order to write Pz 1 ,ai,m,Ci{d'4>) as an exponential of a quadratic form, it is sufficient to calculate 
the correlations 



,-aia 2 k > 1 — y , ^i,^i,A*i»^i(^)^w^k^W2 ) -aiCK2k ~~ 

= ^ tlM2 / PAdi>)P(d X )e Q ^:i^Z_ aia2k • 



(A2.8) 



It is easy to realize that the measure ~ P <7 (dip)P(dx)e c ^^ x '^ factorizes into the product of two 
measures generated by the fields V^ix, j — 1,2, defined by ip" x — {ipu}x + i{— l)"V-'i 2 x)/v / 2- In 
fact, using this change of variables, one finds that 



1 



ATM Fl 4M 2 

.7=1,2 .7=1,2 k 



for two suitable matrices whose determinants B^(]s.) d = detC^ are equal to 



(A2.9) 



P«(k) = -g-{2t«>[l - (^' ) ) 2 ](2 - cosfc - cosfc ) + (#> - t^) 2 (t«) - i x ) 2 } (A2.10) 



From the explicit expression of C\p one finds 

^,Ci),Ci)^ 4M 2 ||(k) / T W/0-)^ 4M 2 c«(k) 

-0) T 0) 4M 2 c°'L 1 (k) 

< V'-k^k >i= 



(i42.ll) 



t U) S 0)(k) 



29 



where, if w = ±1, recalling that t$ = \[2 — 1 + vj2 and defining t x = —\[2 — 1, 



c 2L( k ) d -— ^j—{2t^h x (-i sink cos k + wsinfc cosfc) + [(t A j) ) 2 + t 2 ](isin/c - wsin/c )} 
( f A ) 2 

£°- w (k) = y - { - t£ -) (3t x cosfccosfco + [(t^) 2 + 2i x fy + i 2 ](cos fc + cosfc )- 

(*A ) 2 



(^(^+y+2^|)}. 



(A2.12) 

It is clear that, for any monomial / P(d^\ d X U) )F(^) = J P^{d^)F{^), with 

P 0)(^0))^_1-Q^)^). 

eXP t 4M 2 detc k ^ k } {-c%M cS(k) J U°J } ' 

where detc k j) = c[ 1 {(k)c ( ^ 1 _ 1 (k) - c^l^k)^] ;1 (k). If we now use the identity = t^{2 + 
(-l) j fi)/(2 - a) and rewrite the measure P^^dtp^^P^ (dij/ 2 ^) in terms of ip^ k we find: 

P« ( #«)p( 2 )(#( 2 )) = ^n d < k ^ k exp{-^^*+^^)v, k} = P Zl , CTl „ liCl (#) , 

042.14) 

with Ci(k), Zi, cti and fi\ defined as after (2.18), and (k) as in (2.19), with 

{k) - 2 - a { ci_ l{ k) -cUk)) ' N (k) -2-A Vl (k) -cr il( k), 

(A2.15) 

where c£ 1;W2 (k) ='[(1 - M /2)i?( 1 )(k) C £ 1 1 ^ 2 (k)/ det <£> + a(l + /x/2)£?( 2 ) (k)c£U (k)/ det c k 2) ]/2. It 
is easy to verify that A^(k) has the form (2.19). In fact, computing the functions in (A2.15), one 
finds that, for k, o\ and \i\ small, 



MP'(k) 
JVW(k) = 



(1 + §-) [i sin fc + sin k ) + 0(k 3 ) + 0(k 2 ) 

icri+0(k 2 ) (l + ^)(isinfc-sin/c ) + O(k 3 ) 

-^(isinfc + sinfc ) + (9(k 3 ) i/ii + 0(^ik 2 ) 

-iHi + 0(^ik 2 ) -^(zsinfc - sinfc ) + 0(k 3 ) 



(A2.16) 



where the higher order terms in k, ci and /ii contribute to the corrections a^(k), bf(\i), ci(k) 
and (ii(k). They have the reality and parity properties described after (2.19) and it is appcarent 
that af(k) =0(aik) + 0(k 3 ), bf(k) = O(^ik) + 0(k 3 ), ci(k) = 0(k 2 ) and di(k) = 0(Mik 2 ). 

A2.2 Symmetry properties. In this section we identify some symmetries of model (2.7) and we 
prove that the quadratic and quartic terms in have the structure described in (2.22), (2.23) 
and (2.24). 

The formal action appearing in (2.7) (see also (2.2) and (2.9) for an explicit form) is invariant 
under the following transformations. 

1) Parity: H^ j) -> H b) x , -» -H U) X (the same for V and V). In terms of the variables 

■02 k' ^is transformation is equivalent to ip" k — > -k (* ne same for %) and we shall call it 
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2) Complex conjugation: V>" k — > V»~" k (the same for \) and c — > c* , where c is a generic constant 
appearing in the formal action and c* is its complex conjugate. Note that (2.10) is left invariant 
by this transformation, that we shall call complex conjugation. 

3) Hole-particle: H^ j) -> {-l) j+1 H^ j) (the same for H,V,V). This transformation is equiva- 
lent to i/j™ k — ► '4>~ a _ k (the same for x) and we shall call it hole-particle. 

4) flotation: tf£> - ^' Xo> _ x , H% Q -+ iV%_ x , V$ - ^ ,_ x , -> iff^o.-x- This 
transformation is equivalent to 

^ -^-^/^.(-fco,-*) , xS,( fclfc0 ) - we"-' /4 X^, ( _ fe0 ,_ fe) (A2.17) 
and we shall call it rotation. 

5) fle/Zection: tf« - ^-l,*,, - ^,* , - -i^ Xo , - ^ X>X() . This 
transformation is equivalent to ^ k fc ^ — ► ^_ fe feo j (the same for x) and we shall call it reflec- 
tion. 

6) Tfte (l)<-»(2) symmetry: H^^H^, , U X (1) ^U X (2) , , u -» -it. 
This transformation is equivalent to k — > — * Q: V ; t J Q lk; (the same for x) together with u — > —it 
and we shall call it (1)< — >(2) symmetry. 

It is easy to verify that the quadratic forms P(dx), P(dip) and Pz 1 ,a 1 ,iJ, 1 ,C 1 (d'4>) are separately 
invariant under the symmetries above. Then the effective action V^ 1 -*^) is still invariant under 
the same symmetries. Using the invariance of under transformations (l)-(6), we now prove 
that the structure of its quadratic and quartic terms is the one described in Theorem 2.1, see in 
particular (2.22), (2.23) and (2.24). 

Quartic term. The term Ek ; k 2 , k 3 , k 4 )V>^ ki V>+ 1 ik2 ^Zi ;k3 ^ k4 ^(ki + k 2 - k 3 - k 4 ) under 

complex conjugation becomes equal to E ki W* (ki, k 2 , k 3 , \^,)i>Zi ki^Zka^'i'k k 4 <K k 3 + k 4 — 
ki— k 2 ), so that W(ki, k 2 , k 3 , k 4 ) = W*(k 3 , k 4 , ki,k 2 ). Then, defining L\ — VK(k ++ , k ++ , k ++ , k ++ ), 

- def I 

where k ++ = (ir/M,w/M), and l\ = VqL\ = L\\ _ , we see that L\ and l\ are real. From the 
explicit computation of the lower order term we find l\ = A + 0(A 2 ). 

Quadratic terms. We distinguish 4 cases (items (a)-(d) below). 

a) Let cei = — a 2 = + and wi = — o> 2 = w and consider the expression E w k WZ(k; Hi)^ k ^Z w k - 

Under parity it becomes £ wk W w (k; /xi)M^+_ k (-iu;)^I a) _ k = £ wk W U~^ Mi)^,k^-u;,k> so 
that W w (k; ixi) is even in k. 

Under complex conjugation it becomes £ w>k W w (k; Mi)*^Cu,,k^,k = _ E w ,k ^( k ; Mi)*V£,kVCu,,k' 
so that WZ(k; pii) is purely imaginary. 

Under hole-particle it becomes E w ,k ^( k ; ^OC-k^-k = ~ Eu>,k ^-w( k ; Mi^kVC^k- so 
that W w (k; /Lti) is odd in w. 

Under (1)<— »(2) it becomes Y, uM W u fc -Mi)(-i)Co,,-kW^,-k = E w ,k ^( k ; "W&C.k! 
so that W w (k;^i) is even in /xi. Let us define Si = iw/2 E„ n'=±i WwO^')) wnere k^' = 
(nw/M^'n/M), and 7711 = "PoSi, Si = V1S1 = o-\d ai Si | CTi=/Ji=0 + Vid^Si | CTi=/Ji=0 - From the 
previous discussion we see that Si,si and m are real and s\ is independent of /lxi. From the 
computation of the lower order terms we find Si = 0(Ao"i) and jm = v + c\\ + 0(A 2 ), for some 
constant c\ independent of A. Note that, since W u (k; in) is even in k (so that in particular no 
linear terms in k appear) in real space no terms of the form ^x^C u x can appear. 

b) Let cti = a 2 = a and u\ = — uj 2 = u) and consider the expression J2 U a k ( k i Mi)VC kV'-w -k- 
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We proceed as in item (a) and, by using parity, we see that W°(k; fi\) is even in k and odd in u. 
By using complex conjugation, we see that W™(\i;fi\) = — W~ a (k; fii)* . 

By using hole-particle, we see that H^"(k; fix) is even in a and W°(k; fi\) = — W~ a (k; fii)* implies 

that W°(k;/ii) is purely imaginary. 

By using (1)< — >(2) we see that FT"(k; fi\) is odd in fi\. 

If we define Mi = — iuo/2 ^ v ' W"(k vv >; fi\) and mi = V\M\, from the previous properties 
follows that Mi and mi are real, mi is independent of o\ and, from the computation of its lower 
order, m\ = O(Afii). Note that, since W"(k; fi\) is even in k (so that in particular no linear terms 
in k appear) in real space no terms of the form tp" x ^>" w x can appear. 

c) Let a\ = —a 2 = +, ooi = 0J2 = w and consider the expression k W^(k; fii)^ k^Jk- By 
using parity we see that W w (k; fix) is odd in k. 

By using reflection we see that W^{k, ko; fi\) — W- U (k, — ko; fii). 
By using complex conjugation we see that W u (k, ko; fi\) = W*(—k, ko; fi\). 
By using rotation we find W u {k, fc ; fix) — — iu}W LV (ko, —k; fi\). 
By using (1)< — >(2) we see that W w (k; —fii) is even in fi\. 
If we define 

Gl ( k ) = \y^ w ^(k vv >;fJ-i)(v Sm ^ n , +V' ^—717 ) = sin fc + 6 W sin /c , (A2.18) 
4 sm-K M sm7r/M 

it can be easily verified that the previous properties imply that 

def def 

a u = a_ w = — a* = iojb^ = ia , b u = — = 6* = —iuia^ = uib = —iuiia (A2.19) 
with a = b real and independent of ui. As a consequence, Gi(k) = Gi(isinfc + ojsinfc ) for some 

def 

real constant G\. If z\ =VqG\ and we compute the lowest order contribution to z\, wc find 
Zl =0(\ 2 ). 

d) Let ai = a 2 — a, lo\ = ui 2 = ui and consider the expression J2 a u k W"(k; (ii)i>% kV'S -k- 
Repeating the proof in item (c) we see that W" (k; /xi) is odd in k and in /ii and, if we define 
^i(k) = W "^;fii)(v^fM+v'£^), we can rewrite F x (k) = f\ (i sin fc + w sin fc ). 
Since W"(k; ^1) is odd in fii, we find F± = O(Xfii). 

Note that, with the definition of C introduced in §3.2, the result of the previous discussion is the 
following: 

£V (1) (V) = (*i + in^F^ + miF^ 1 ) + hF^ 1] + z 1 F^ 1) , (42.20) 



where s\,n\,mi,l\ and z\ are real constants and: s\ is linear in o\ and independent of fi\; mi 

p(<l) P (<1) 



is linear in /Ui and independent of cti; ni,h,zi are independent of <7i,/ii; moreover Fj- 1 ^, F^- 1 
F^- 1 ', F c ( - 1} are defined by (3.8) with h = 1. 

Proof of Lemma 3.1. The symmetries (l)-(6) discussed above are preserved by the iterative 
integration procedure. In fact it is easy to verify that CV^ h \ IZV^ and ^ ^ ^ ^ j^(dip^) 
are, step by step, separately invariant under the transformations (l)-(6). Then Lemma 3.1 can be 
proven exactly in the same way (A2.20) was proven above. 

Proof of Lemma 3.2. It is sufficient to note that the symmetry properties discussed above imply 
that: C\W 2 ,a,u = if uii + oj 2 = 0; C W 2& u L — if Ui + uj 2 ^ 0; VoW2,a,u — if a\ + a 2 ^ 0; and 
use the definitions of TZi, Si, i = 1,2. 

Appendix A3. Proof of Lemma 3.3 

The propagators g^,(x) can be written in terms of the propagators ff^'^(x), j = 1,2, see (3.16) 
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and following lines; g^ff ( x ) are given by 



si^ ) (x-y) = 



M 2 



ff^l(x-y) 



M 2 



E 1 



E 1 



-ik(x-y) 



-ik(x-y) 



A(k) 



A(k) 



-i sin k + lo sin fco + a^h-l (k 



sin 2 fc + sin 2 ko 



in 



-iwmj^k) 



sin 2 fc + sin 2 fc + (m^!(k)) 2 + SB^k) 



where 



^) (k) w _ «_ i(k) + (-i)^_ l( k) , H^^ViW + (-i)^-i(k) 



m«(k)tVi(k) + (-l)^ fc _!(k) 



5BlUV= f i: K^(k)(iBinfc - csinfco) + a^>(k)a^(k)/2] . 



(A3.1) 



(A3.2) 



In order to bound the propagators defined above, we need estimates on cr/j(k), /i/i(k) and on the 
"corrections" a^_ 1 (k), 6^_ 1 (k), c/j_i(k), dh-i(k). As regarding (Jh{k) and /U/j(k), in [BM] is proved 
(see Proof of Lemma 2.6) that, on the support of /^(k), for some c, c 1 1 cr/i | < |cr/j_i(k)| < c\<7h\ 
and c~ 1 1 /x/j. | < |/z/ l _i(k)| < c\fih\- Note also that, if h > h, using the first two of (3.18), we have 
lg?iH£ii! < 2C\. As regarding the corrections, using their iterative definition (3.11), the asymptotic 
estimates near k = of the corrections on scale h = 1 (see lines after (2.19)) and the hypothesis 
(3.18), we easily find that, on the support of fh(k): 

aX_i(k) = 0(a, l 7 (1 - 2c|A|) ' 1 ) + 0( 7 (3 - c|A|2)/l ) , TO - 0( W ,7 (1_2c|A|)fc ) + 0( 7 (3 " c|A|2)/l ) , 
c h (k)=0(^- c ^ h ) , 4(k) = 0(^7 (2 - 2c|A|)?l ). 

(A3.3) 

The bounds on the propagators follow from the remark that, as a consequence of the estimates 
discussed above, the denominators in (A3.1) are 0(j 2h ) on the support of fh- 

Appendix A4. Analyticity of the effective potentials 

It is possible to write (3.3) in terms of Gallavotti-Nicolo' trees. 




h h+l h v 0+1+2 

FIG 4. A tree with its scale labels. 
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We need some definitions and notations. 

1) Let us consider the family of all trees which can be constructed by joining a point r, the root, 
with an ordered set of n > 1 points, the endpoints of the unlabeled tree, so that r is not a branching 
point, n will be called the order of the unlabeled tree and the branching points will be called the 
non trivial vertices. Two unlabeled trees are identified if they can be superposed by a suitable 
continuous deformation, so that the endpoints with the same index coincide. Then the number of 
unlabeled trees with n end-points is bounded by 4™. 

2) We associate a label h < with the root and we denote Th,n the corresponding set of labeled 
trees with n endpoints. Moreover, we introduce a family of vertical lines, labeled by an integer 
taking values in [h,2], and we represent any tree t € T~h,n so that, if v is an vendpoint or a non 
trivial vertex, it is contained in a vertical line with index h v > h, to be called the scale of v, while 
the root is on the line with index h. There is the constraint that, if v is an endpoint, h v > h + 1; 
if there is only one end-point its scale must be equal to h + 2, for h < 0. Moreover, there is only 
one vertex immediately following the root, which will be denoted Vo and can not be an endpoint; 
its scale is h + 1. 

3) With each endpoint v of scale h v — +2 we associate one of the contributions to V^ 1 ' given 
by (2.21); with each endpoint v of scale h v < 1 one of the terms in £V^" -1 ^ defined in (3.7). 
Moreover, we impose the constraint that, if v is an endpoint and h v < 1, h v = h v > + 1, if v' is the 
non trivial vertex immediately preceding v. 

4) We introduce a field label f to distinguish the field variables appearing in the terms associated 
with the endpoints as in item 3); the set of field labels associated with the endpoint v will be called 
I v . Analogously, if v is not an endpoint, we shall call /„ the set of field labels associated with 
the endpoints following the vertex v; x(/), cr(f) and uj(f) will denote the space-time point, the a 
index and the lu index, respectively, of the field variable with label /. 

5) We associate with any vertex v of the tree a subset P v of I v , the external fields of v. These 
subsets must satisfy various constraints. First of all, if v is not an endpoint and v\ , . . . , v Sv are the 
s v vertices immediately following it, then P v C UiP Vi ; if v is an endpoint, P v — I v . We shall denote 
Q Vi the intersection of P v and P Vi ; this definition implies that P v = UiQ Vi . The subsets P Vi \Qvi, 
whose union will be made, by definition, of the internal fields of v, have to be non empty, if s v > 1, 
that is if v is a non trivial vertex. Given r G Tj.m there are many possible choices of the subsets 
P v , v € r, compatible with the previous constraints; let us call P one of this choices. Given P, 
we consider the family Qp of all connected Feynman graphs, such that, for any v e r, the internal 
fields of v are paired by propagators of scale h v , so that the following condition is satisfied: for 
any v £ r, the subgraph built by the propagators associated with all vertices v' > v is connected. 
The sets P v have, in this picture, the role of the external legs of the subgraph associated withu. 
The graphs belonging to Qp will be called compatible with P and we shall denote V r the family of 
all choices of P such that Qp is not empty. 

6) we associate with any vertex v an index p v e {s,p} and correspondingly an operator 1Z Pv , where 
1Z S or IZp are defined as 



n 




(S 2 



if n = 1 and lo\ + 0J2 = 0, 
if n = 1 and u>\ + u)2 7^ 0, 
if n = 2, 
if n > 2; 



(AAA) 



S 



Si 
{ 1 



and 



7> 



def 
= < 



'ft 2 (7> +Pi) ifn 

K2T0 if n 

ifn 

TliVo if n 

, ifn 



> 



1 and uji +lu 2 = 0, 

1, u>i + u>2 7^ and ct\ + a 2 = 0, 

1, u>\ + u> 2 ^ and a.\ + a 2 7^ 0, 

2, 
2. 



(A4.2) 
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Note that 1Z S + 1Z P = 1Z, see Lemma 3.1. 
The effective potential can be written in the following way: 



V^(^Z~ h ^) + M 2 E h+1 = J2 E ^ h \r,^/Z~ h ^);, (A4.3) 



n=l r£T h . 



where, if vq is the first vertex of r and ti, . . . ,r s are the subtrees of r with root vo, 
V^(t, y/Z^tp ( - h * > ) is defined inductively by the relation 

V< fc >(T, v^ftV ( - h) ) = 



S! 



andt/(' i + 1 )(r,,V^Vj^' l + 1 )): 

a) is equal to 7£ p „. V^+^Tj, \^Zhi/j^- h+1 '>) if the subtree Tj with first vertex is not trivial (see 
(3.12) for the definition of V^); 

b) if n is trivial and h < — 1, it is equal to one of the terms in CV^ h+1 \ see (3.12), or, if h = 0, 
to one of the terms contributing to IX 1 ) (y/Ziip- 1 ). 

A4.1 The explicit expression for the kernels of can be found from (A4.3) and (A4.4) 
by writing the truncated expectations of monomials of tp fields using the analogue of (A2.2): 
if Tp{P Vz ) = ]l/ep„. V^/j^"/), tnc following identity holds: 

£l$(P Vl ),...,j(P Vs )) = (^)"]T aT „ ft g^(rtJf) f dP T „(t)PfG^(t) (A4.5) 

where g^ h \f, /') = <7a(/),a(/')( x (/) — x (/')) anc l t ne other symbols in (A4.5) have the same meaning 
as those in (A2.2). 

Using iteratively (A4.5) we can express the kernels of V {h) as sums of products of propagators of 
the fields (the ones associated to the anchored trees T v ) and Pfaffians of matrices G Tv . 
A4.2 // the 1Z operator were not applied to the vertices v e r then the result of the iteration 
would lead to the following relation: 

vK(T,v^ h >) = v^ ' E E / ^ tu;,p, t (x„ o) { J] . (^ 4 -6) 

where x„ is the set of integration variables asociated to r and T — {J v T v ; W* P T is given by 



„ |p„| n . 

w=[ n (|y *][ik-k->]{ n £/«■•<*.>■ 

tmot c.p. " i=l tmot e.p. (.44 7) 

• PfG fc - r -(t„)[lIff ( ' , " ) (/i 1 ./i 2 )]}. 

where: e.p. is an abbreviation of "end points"; v*, . . . , are the endpoints of r, hi = h v * and 
Kv v (x. v ) are the corresponding kernels (equal to Xh v ~iS(x v ) or ^ ij _i<5(x t) ) if v is an endpoint of 
type A or v on scale h v < 1; or equal to one of the kernels of if h v = 2). 
We can bound (A4.7) using (3.20) and the Gram-Hadamard inequality, see Appendix A2, we 
would find: 



/dx, |^ T (x, )|<C™M 2 |Ar 7 -^ 2 +l^l/ 2 ) JJ {-^(/^) 



-7 s lSai 
h " ^ 2 7 -[-2+i^i] 



(A4.8) 
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We call D v = — 2 + the dimension of v, depending on the number of the external fields of v. 
If D v < for any v one can sum over r, P, T obtaining convergence for A small enough; however 
D v < when there are two or four external lines. We will take now into account the effect of the 
1Z operator and we will see how the bound (A4.8) is improved. 

A4.3 The effect of application of Vj and Sj is to replace a kernel • with VjW^ a • 

and SjW^ a ■ Q w . If inductively, starting from the end-points, we write the kernels W^ a ■ Q w in 
a form similar to (A4.7), we easily realize that, eventually, or 5j will act on some propagator of 
an anchored tree or on some Pfaffian Pf G T ", for some v. It is easy to realize that Vj and Sj, when 
applied to Pfaffians, do not break the Pfaffian structure. In fact the effect of Vj on the Pfaffian of 
an antisymmetric matrix G with elements Gfj>, /, /' € J, \J\ = 2k, is the following (the proof is 
trivial): 

V PfG = PfG° , -PiPfG = i J2 'PiG fl j 2 (-l) 1T PfG'i , (A4.9) 

/i,/2G.7 

where G° is the matrix with elements VoGfj>, /, /' € J; G? is the matrix with elements VqGjj', 

def 

f, / € Ji = J \ {/i U and (— 1)^ is the sign of the permutation leading from the ordering J of 
the labels / in the l.h.s. to the ordering /i, / 2 , Ji in the r.h.s. The effect of Sj is the following, see 
Appendix A7 for a proof: 

SlPiG= 2^. E 5lG A.A E (-l)^ 1 !fc 2 !PfG°PfG 2 , (A4.10) 

' fuheJ JiU./ 2 =J\u,/, 

where: the * on the sum means that Ji n J 2 = 0; |Ji| = 2fcj, i = 1,2; (— 1)" is the sign of the 
permutation leading from the ordering J of the fields labels on the l.h.s. to the ordering /i, / 2 , Ji, J 2 
on the r.h.s.; G\ is the matrix with elements VoGfji, f,f <G Ji; G 2 is the matrix with elements 
Gf.f, f,f € J 2 - The effect of <S> 2 on PfG T is given by a formula similar to (A4.10). Note that 
the number of terms in the sums appearing in (A4.9), (A4.10) (and in the analogous equation for 
<S 2 Pf G T ), is bounded by c k for some constant c. 

A4.4 It is possible to show that the IZj operators produce derivatives applied to the propagators 
of the anchored trees and on the elements of G Tv ; and a product of "zeros" of the form c?^(x(//) — 
x (/?)); 3 = 0, 1, 6 = 0, 1, 2, associated to the lines I e T v . This is a well known result, and a very 
detailed discussion can be found in §3 of [BM]. By such analysis, and using (A4.9),(A4.10), we get 
the following expression for TZV^ h \r, y/Zhip^-^): 

- ^ E E E / ^ pM { n ?»} • {MA1) 

where: Bt is a set of indeces which allows to distinguish the different terms produced by the 
non trivial 1Z operations; x J a(/) is a coordinate obtained by interpolating two points in x„ , in a 
suitable way depending on /3; qp{f) is a nonnegative integer < 2; jp{f) = 0, 1 and <9J is a suitable 
differential operator, dimensionally equivalent to dj (see [BM] for a precise definition); W Ty p v T,p 
is given by: 

„ [Pvj n 

w;,p,t^)=[ n (|y 2 ][n4:^(^y^^(?)^( x <) 

v not e.p. " i=l 

•{ n ^l dp r^Kt) s zu^ Gh ^^ ( m -^ 

v not e.p. 

• I" TT a q0( - f ' ) a q ^ f ' ) \tf' 0i - l) (-x, v ,)v Cl3iL) s Cl3{l) n^( f 1 f?v~\\ 



IGT V 
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where: v*, . . . , are the endpoints of r; bp(v), bp (I), qp(fl) and qp{ff) are nonnegative integers 
< 2; jp(v), jp(fl), jp{ff) and can be or 1; ip(v) and ip(l) can be 1 or 2; l/3(v) and /g(Z) 
can be or 1; Cp(v), cp(v), Cp(l) and cp(l) can be 0, 1 and max{C/3(w) + cp(v) 7 Cp(l) + cp(l}) < 
1; Gp v ' Tv (t v ) is obtained from G h "" Tv (t v ) by substituting the element ti(f),i(f)g^ hv ^{f,f) with 

It would be very difficult to give a precise description of the various contributions of the sum over 
Bt 1 but fortunately we only need to know some very general properties, which easily follows from 
the construction in §3. 

l)There is a constant C such that, VT e T T , \Bt\ < C n ; for any /3 e St, the following inequality 
is satisfied 

IJ 7 M/)w(/)][jJ 7 -M0^(0] < JJ 7 -(^) ; (^4.13) 

/GU„P„ ZeT v not c.p. 

where: h(f) = h Vo — 1 if / G P„ , otherwise it is the scale of the vertex where the field with label 
/ is contracted; h(l) = h v , if I £ T v and 

1 if \P V \ = 4 and p v = p , 

*W = \* Vlp l rl andPv ^ P ^ mu n (-44.14) 
1 if |P„| = 2, p v = s and J2 f e p v u(f) ^ , 

otherwise. 



2) If we define 



7 h« 



(44.15) 



the indeces i(v,(3) satisfy, for any Bt, the following property: 

J2i(v,P)>z'(P v ) , (44.16) 



where 

!1 if | P v | = 4 and p v = s , 
2 if jp^j = 2 and p v = s and E/ e p„ w (/) = , (,44 17) 

1 if |P„|=2, p„ = s and E /e p„ w(/) ^ , V " ; 

otherwise. 

A4.5 We can bound any \vf^ S^Pi G'^' n | in (A4.12), with Cp(v) + cp(v) - 0, 1, by using 
(A4.9), (A4.10) and Gram inequality, as illustrated in Appendix A2 for the case of the integration 
of the x fields. Using that the elements of G are all propagators on scale h v , dimensionally bounded 
as in Lemma 3.3, we find: 

. 7 ¥(EI: 1 i^i-i^i- 2 ( s -d)[ Y[ 7 w/)] [ WhJ+^hJ y^M+^w j (^4.i8) 

feJv 1 " 

where J v = U^P^ \ Q Vi . We will bound the factors ( lg**I+l^ ) Cg( " )JgW using (3.19) by a 
constant. 

If we call 



« n 



(44.19) 

/ TT i[ TT ^(/^awt/fliAW- Vllp CM0c^Wji.,)/ f i f 2 )]\\\ 
{ 11 a \[ 11% U{ ) % iff) 1% (0 ' yi > y h (0 ^ (0 3 Ui . /i ;jj ; 1 . 



5 

wnot e.p. ier„ 
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we have, under the hypothesis (3.24), 



i=i ^ 

. | rr ^ c -2( ;s „-i) 7 / l „r l „M 7 -^E ;e r t , 6 ''W 7 -' i -Er = i fc ^ t '*) 7 -' i "( ;s ^ 1 ). 

L s v ! 

vnot c.p. 



(.44.20) 



where n u {v) is the number of vertices of type v with scale h v + 1. 
Now, substituting (A4.18), (A4.20) into (A4.12), using (A4.13), we find that: 

| dx„„|iv T , P , T , 9 (x w )| < c »„2 (Ar7 - kDl (iP, i) n j kKki p 



n {^"-'-^ 

u not c.p. k 



(A4.21) 



where, if k — E/eP„ Qp(f)> = —2 +p + k and we have used (A4.15). Note that, given v e r 

and t e 7/j : „ and using (3.19) together with the first two of (3.18), 

KJ jq-fel khj h-h,, < \Zhl (h-h v )(i- c \\\) < ^ (fe-ft. B )(i-c|A|) 

7^ 7* \*h\ 7 " 7" 7 " 17 (A4 22) 

1^1 = iMfcl KJ fe-fe,, < Kj (/i-^)(l-c|A|) < ^ (h-fc„)(l-c|A|) 

Moreover the indeces i(v,(3) satisfy, for any By, (A4.17) sso that, using (A4.22) and (A4.16), we 
find 

v not c.p. 

Substituting (A4.22) into (A4.21) and using (A4.16), we find: 



J dx Vo \W T , P , T , (^ o )\<C n M 2 \\\ n 7 - hD ^ p *o\) . 

\ L \s v \ yz hv -j 1 

v not e.p. k 



■c|A|)*'(P„)] 



(A4.24) 



where 

A, = f - 2 + l§i + *(P„) + (1 - c|A|)z'(P„) > 1§1 . (44.25) 
Then (3.25) in Theorem 3.1 follows from the previous bounds and the remark that 

E E E En^<c», (44.26) 
for some constant c, see [BM] or [GM] for further details. 

The bound on Eh, th, (3.26) and (3.27) follow from a similar analysis. The remarks following 
(3.26) and (3.27) follows from noticing that in the expansion for CV^ appear only propaga- 
tors of type Vog^' or 'Pi^aa) ( m 0T( ^ eT to bound these propagators we do not need (3.19), see 
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the last statement in Lemma 3.3). Furthermore, by construction lh,nh and Zh are independent 
of crfe, /j,k, so that, in order to prove (3.27) we do not even need the first two inequalities in (3.18). ■ 



A4.6 The sum over all the trees with root scale h and with at least a v with h v = k is 
0(|A|7 5 C 1- ' )); this follows from the fact that the bound (A4.26) holds, for some c = O(l), even if 
ry-\Pv\/& j s re pl acec j by -y _/t l p »l j for any constant k > independent of A; and that D v , instead of 
using (A4.25), can also be bounded as D v > 1/2 + |P„|/12. This property is called short memory 
property. 

Appendix A5. Proof of Theorem 4.1 and Lemma 4.1 

We consider the space 9Jt# of sequences v — {vh\h<i such that \vh\ < c|A|7^/ 2 ^; we shall think 

971,? as a Banach space with norm || • ||#, where ||^||i9 £ =^sup fe<1 |^fc|7~^ 2 ^- We will proceed as fol- 
lows: we first show that, for any sequence v_ £ 9Jt#, the flow equation for fh, the hypothesis (3.17), 
(3.18) and the property |A/j(^)| < c|A| are verified, uniformly in v. Then we fix v_ £ Aiv via an 
exponentially convergent iterative procedure, in such a way that the flow equation for v h is satisfied. 

A5.1 Proof of Theorem 4-1- Given v £ let us suppose inductively that (3.17), (3.18) and 
that, for k > h + 1, 

|A fc _i(i/)-A fc (i/)| <c |A| 2 7 W2 ) fc , (A5.1) 

for some Co > 0. Note that (A5.1) is certainly true for h = 1 (in that case the r.h.s. of (A5.1) is 
just the bound on (3\). Note also that (A5.1) implies that |Afc| < c|A|, for any k > h. 
Using (3.26), the second of (3.27) and (4.1) we find that (3.17), (3.18) arc true with h replaced 
byh-1. 

We now consider the equation Xh-i = Xh + /3%(Xh, vn \ ■ ■ ■ Ai, fi), h > h. The function (i\ can 
be expressed as a convergent sum over tree diagrams, as described in Appendix A4; note that it 
depends on (Xh, v^; . . .;X\,v\) directly through the end-points of the trees and indirectly through 
the factors Zh/Zh-i- 

We can write 'Pog ( ( ^ uj) ( _ uj) (x - y) = .g[^(x - y) + ri, h) (x - y), where 

k 

and rffi is the rest, satisfying the same bound as <7(+ w ) (_ w y times a factor 7 /l . This decomposition 
induces the following decomposition for (3^: 

P\{Xh,v h ;...;Xi,vi) = 

1 (A5 3) 

= ^,i(A fc ,...,A h )+ J2 D h ^ k +r h x (X h ,...,X 1 ) + J2^k(3 h x k (X k ^ k ;...;X 1 ^ 1 ) , 

k=h+l k>h 

< c\X\^ h , \D h x > k \ < c|A| 7 ^- fe >|A fe - X h \ , 

\r h x \ < c|A| 2 7 W 2) \ 0x' k \ < c|A| 7 * (h - fc) ■ 

The first two terms in (A5.3) (3\ L collect the contributions obtained by posing r£ fc ' = 0, k > h and 
substituting the discrete 8 function defined after (3.8) with M 2 S k . The first of (A5.4) is called 
the vanishing of the Luttinger model Beta function property, see [BGPS][GS][BM1] (or [BeMl] for 
a simplified proof), and it is a crucial property of interacting fermionic systems in d = 1. 
Using the decomposition (A5.3) and the bounds (A5.4) we prove the following bounds for X h (v), 
v_ £ Mi}-. 

lA^-AiG^colAI 2 , |A,fe)-A, +1 fe)|< Co |A| 2 7 W 2 >\ (A5.5) 



with 
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for some c > 0. Moreover, given v, z/ £ 971,?, we show that: 

\\- h {y)-\- h ^)\<c\\\\\v-A\^ 045.6) 

def 

where ||^-^'||o = sup^< 1 \v h - v' h \. 

Proof of (A5.5). We decompose A^ — A^ +1 = /3^ +1 as in (A5.3). Using the bounds (A5.4) and the 
inductive hypothesis (A5.1), we find: 

|A,fe)-A, +1 (,)|< c |A|V ( ' l+1) + E c\\\^~V £ C0 |A| 2 7 W 2)fe ' + 

k>h+2 k'=h+2 (45.7) 

+ c |^|2 7 W2)(fc+i) + c 2 \\\ 2 ^ /2)k -/ w ~ h+1 ~ k)) , 

k>h+l 

which, for c big enough, immediately implies the second of (A5.5) with h — » h — 1; from this 
bound and the hypothesis (A5.1) follows the first of (A5.5)." 

Proof of (A5.6). If we take two sequences v_, u' £ 97t#, we easily find that the beta function for 
^h{v) ~ A^(z/) can be represented by a tree expansion similar to the one for /3^, with the property 
that the trees giving a non vanishing contribution have necessarily one end-point on scale k > h 
associated to a coupling constant \k{v) — Afc(i/) or — v' k . Then we find: 

\h{v)-\- h {i/) = \i{v)-\i{iS)+ E [/ 3 A(A fc (^),^;...;A 1 ^ 1 )-^(A fe (^ / ),^;---;Ai,^)] . 

^+i<fe<i 

(45.8) 

Note that \\i{v) - \i{v!)\ < c |A||^i-^|, because Ai = \jZ\ + 0(X 2 /Zf) and Z x = y/2-l + v/2. 
If we inductively suppose that, for any k > h, \Xk{E) — Afc(V)| < 2co|A|||^ — v'\\o, wc find, by using 
the decomposition (A5.3): 

|A^) - \- h (v!)\ < co|A|h - "41 + c|A| E E [2co|A| - i/||o + k - ^| 

fc>/i+i fc'>fe 

(45.9) 

Choosing c big enough, (A5.6) follows." 

We are now left with fixing the sequence v_ in such a way that the flow equation for v is satisfied. 
Since we want to fix v_ in such a way that v-oc = 0, we must have: 

l 

v x = - E 7 fc_2 ^(Afc,^;...;Ai,wi). (45.10) 

If we manage to fix v\ as in (A5.10), we also get: 

v h = - E 7 fc " h-1 /#(Afc, i*; ^i) • (A5.li) 

fc<k 

We look for a fixed point of the operator T : 97t,j — > 97T,j defined as: 

(Tv) h = - E 7^^ 1 /3"(A fc ( i£ ), . . . ; A 1; v x ) . (45.12) 

k<h 

where \k(kd is the solution of the first line of (4.2), obtained as a function of the parameter v, as 
described above. 
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If we find a fixed point u* of (A5.12), the first two lines in (4.2) will be simultaneously solved by 
A(V*) and v* respectively, and the solution will have the desired smallness properties for A, and 
v h - 

First note that, if |A| is sufficiently small, then T leaves 971,9 invariant: in fact, as a consequence 
of parity cancellations, the ^-component of the Beta function satisfies: 

ft(\ h , v h -...- \ uVx ) = 0* tl (\ h ; . . . ; Ai) + ^ isJZ'H^h, v h -...- A l5 vx) (A5.13) 

k 

where, if c\,C2 are suitable constants 

< C i|A| 7 * fc \fc k \ < c 2 \\\^ h -V . (A5.14) 
by using (A5.13) and choosing c = 2ci we obtain 

|(Ti/) fc | < E 2ci|A| 7 (,5/2) < c|A|7 ( */ 2 > fc , (A5.15) 

fc<h 

Furthermore, using (A5.13) and (A5.6), we find that T is a contraction on 971,9: 
| (TV), - (TV) hi < E 7 fc - fc_1 |^(Afc(ii), ^; • • • ; Ai,^i) - ^(Afe^'), ^; • • • ; A 1; K)| < 



fe<h 

7" fe E l A *'^) - A *'^')l + E 7* (fc - fc,) |A||^ - ^ 

k — k k — k 

1 



< 



(A5.16) 



fc<ft, k'=k 

<c"|A|7 W2)fc ||l/-i/|| tf • 

hence ||(TV) — (TV')||# < c"|A|||^— Then, a unique fixed point v* for T exists on 971,9. Proof 

of Theorem 4.1 is concluded by noticing that T is analytic (in fact /3% and A are analytic in u in 
the domain 9Jl$)M 

A5.2 Proof of Lemma 4-1 From now on we shall think A, and Vh fixed, with v\ conveniently 
chosen as above [y\ — v\(X)). Then we have < c\X\ and \vu\ < c\\\y^^ h , for some c,i9 > 0. 
Having fixed v\ as a convenient function of A, we can also think A, and Vh as functions of A. 

The flow of Zh- The flow of Zh is given by the first of (4.1) with Zh independent of ak,^k, k> h. 
By Theorem 3.1 we have that \z h \ < c|A| 2 , uniformly in h. Again, as for A, and v h , we can formally 

study this equation up to h — — oo. We define 7 7]z = Yiu\h^-oo 1 + Zh, so that 



log 7 ^= E log 7 (l + . fe )=r ? ,(/ l -l)+ E r k c , r^log 7 (l + |— ^). {MA7) 

k>h+i k>h+i ' 00 



Using the fact that z^-i — Zk is necessarily proportional to Afc_i — Afe or to Vk-i — v k and that 
Afc_i - Afe is bounded as in (A5.1), we easily find: \r k \ < cJ2k'<k \ z k'-i ~ Zk'\ < c'^ 2 ^/ 2 ^ . So, 

if Ff^Y.k>h+i r C and F C = °> thcn F C = °( A ) and Zh = 7 ^ (/l_1)+F < h . Clearly, by definition, r lz 
and only depend on A&, Vk, k < 1, so they are independent of t and w. 

TTie /?ow of Hh- The flow of /i/, is given by the last of (4.1). One can easily show inductively 
that /Xfc(k)/^i/ l , k > h, is independent of /ii, so that one can think that fih-i/^h is just a function 
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of \h, vk- Then, again we can study the flow equation for ^ up to h — > — oo. We define 

def 

-f^^n — lim^^-oo 1 + {rrihl lih — z h)/(^ + Zh), so that, proceeding as for Zh, we see that 

W, = Mi7^ (,l " 1)+F " , (^5.18) 
for a suitable = 0(A). Of course 77^ and Ff} are independent of t and it. 

TTie flow of ah- The flow of can be studied as the one of \ih- If we define ^ ria = lim^-co 1 + 
(sh/o-h - z h )/{l + z h ), we find that 

o h = ( Ti 7 ^ (/l - 1)+F " , (A5.19) 
for a suitable = 0(A). Again, rj a and are independent of t, u. 

We are left with proving that 77^ — ry M 7^ 0. It is sufficient to note that, by direct computation of 
the lowest order terms, for some > 0, (4.1) can be written as: 

z^M^+OdAlV^ + OaAl 3 ) , h>0 

Sh/o- h = -b 2 \ h + 0(\X\ 1 m ) + 0(\\\ 2 ) , b 2 >0 (A5.20) 
= M/> + OCA^ 1 " 1 ) + 0(|A| 2 ) , b 2 > , 

where b\, b 2 are constants independent of A and h. Using (A5.20) and the definitions of -q^ and r\ a 
we find: r) a - r]„ = (2b 2 / log 7 )A + 0(A 2 ).B 

Appendix A6. Proof of Lemma 5.3 

Proceeding as in §4 and Appendix A5, we first solve the equations for Z h and mj^ parametrically 
m 2L = {7T/t}fc</t*- If < c|A|7(' 5 / 2 ^' 1_ ' l i\ the first two assumptions of (5.14) easily follow. Now 
we will construct a sequence n such that \iTh\ < c\\\^®/ 2 ^ h ~ h *^ and satisfying the flow equation 

TTh-l ="/' l 7T h + f3^{TT h ,... 1 TT h »). 

A6.1 Tree expansion for (3%. (3% can be expressed as sum over tree diagrams, similar to those 
used in Appendix A4. The main difference is that they have vertices on scales k between h and 
+2. The vertices on scales h v > h* + 1 are associated to the truncated expectations (A4.4); the 
vertices on scale h v — h\ are associated to truncated expectations w.r.t. the propagators g^f^l', 
the vertices on scale h v < h\ are associated to truncated expectations w.r.t. the propagators 
5oii',w2 +1 ^- Moreover the end-points on scale > h* + 1 are associated to the couplings A/j or Uh, as 
in Appendix A4; the end-points on scales h <h\ are necessarily associated to the couplings iTh- 



A6.2 Bounds on (3%. The non vanishing trees contributing to (3^ must have at least one vertex 
on scale > h\: in fact the diagrams depending only on the vertices of type n are vanishing (they 
are chains, so they are vanishing, because of the compact support property of the propagator). 
This means that, by the short memory property, see the Remark at the end of Appendix A4: 
< c|A|7*( h - fc D. 

A6.3 Fixing the counterterm. We now proceed as in Appendix A5 but the analysis here is easier, 
because no A end-points can appear and the bound |/3^| < c\\\^^ h ~ h ^ holds. As in Appendix 

A5, we can formally consider the flow equation up to h = —00, even if h 2 is a finite integer. This 

^ (2) 

is because the beta function is independent of m y k , k < h* and admits bounds uniform in h. If 
we want to fix the counterterm 717^ in such a way that tt-oo = 0, we must have, for any h < h\: 

^ = - E -r k ~ h ~ 1 ^k, ■ ■ ■ , 7r fc . ) • (A6.1) 

k<h 
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Let 971 be the space of sequences n — {tt-oo, . . . ,717^} such that \-Kh\ < c|A|7 W 2 )^ h i\ We look 
for a fixed point of the operator T : 971 — > 971 defined as: 

(Ttt)^ = - J k - h - 1 ^ k ; . . . ; 7r fc .) . (A6.2) 
fe<ft 

Using that is independent from rhj^ and the bound on the beta function, choosing A small 
enough and proceeding as in the proof of Theorem 4.1, we find that T is a contraction on 971, so 
that we find a unique fixed point, and the first of (5.16) follows. 

^ (2) 

A6.4 The flows of Zh and m h . Once that nh* is fixed via the iterative procedure of §A6.3, we 

can study in more detail the flows of Zh and fh h given by (5.10). Note that zh and Sh can be 
again expressed as a sum over tree diagrams and, as discussed for see §A6.2, any non vanish- 
ing diagram must have at least one vertex on scale > h\. Then, by the short memory property, 
see §A4.6, we have Zh = 0(\ 2 "/^( h ~ h ^) and Sh = 0(\m h 2 ' l ^( h ~ h i'>) and, repeating the proof of 
Lemma 4.1, we find the second and third of (5.16). 

A6.5 The Lipshitz property (5.17). Clearly, 7rj£. (A, <n, fii) — 7rj£, (A, a[ , fj,[) can be expressed via 
a tree expansion similar to the one discussed above; in the trees with non vanishing value, there 
is either a difference of propagators at scale h > h\ with couplings ah, Hh an d a' h , fj,' h , giving in 
the dimensional bounds an extra factor 0(\ah — a' h \"y~ h ) or 0(\fih — Mfjl - ' 1 ); or a difference of 
propagators at scale h < h\ (computed by definition at fa h = 0) with the "corrections" a^,Ch 
associated to <7i,/ii or a[, Hi, giving in the dimensional bounds an extra factor 0(\a\ — a[\) or 
0(1^-^1). Then, 



(A6.3) 



7r hI (A,<ri,/ii)-7r h .(A,o / 1 ,A» / i) < c|A| j k hl 1 - 

k<h\ 

h>h\ V ' / / k<h<h\ 

from which, using (A5.18) and (A5.19), we easily get (5.17). 

Appendix A7. Proof of (A4.10) 

We have, by definition Pf G = {2 k k\y l E p (- 1 ) PG p(i)p(2) ■ ■ ■ G p{2k _i )p{2k) , where p = (p(l), . . . 
. . . ,p(\ J|)) is a permutation of the indeces / £ J (we suppose \ J\ = 2k) and (— l) p its sign. 

If we apply Si = 1 — Vo to Pf G and we call G°fj, = VoGfj', we find that SiPf G is equal to 

^ r n I k 

^iE^ 1 ' P G P(1)P(2) • • • G p{2k-l)p{2k) - G p(l)p(2) ' ' ' G °p(2k-l)p(2k) = 2kfr\ E^ 1 )"" E ' 
P P j=l 

' ( G p(l)p(2) ' ' ' G p(2j-3)p(2j-2)) 5 l G p(2j-l)p(2j) (G p ( 2 j+l)p(2j+2) ' ' ' Gp(2k- l)p(2k) ) , 

(A7.1) 

where in the last sum the meaningless factors must be put equal to 1. We rewrite the two sums 
over p and j in the following way: 

EE = E E EE' (^ 2 ) 

P j=l i=l S1J2SJ Ji,J 2 P 
Si* Si 

where: the * on the second sum means that the sets Ji and J 2 are s.t. (/i, f 2 , Ji, J2) is a partition of 
J; the ** on the second sum means that p(l), . . . ,p(2j — 2) belong to Ji, (p(2j — l),p(2j)) = / 2 ) 
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and p(2j + 1), . . . ,p(2k) belong to J 2 . Using (A7.2) we can rewrite (A7.1) as 

^ pfG = iyE E (-^rsiG flj2 ±- 

/i^/2 (A7.3) 

■ ^ (-l) Pl+P2 (G° l(1)pi(2) • • • Gp 1 ( 2 fc 1 -l)p(2fc 1 )) ( G P2(1)P2(2) ' ' ' G P2(2fe2-l)p(2fe2)) > 

Pl,P2 

where: (— l) w is the sign of the permutation leading from the ordering J to the ordering (/i,/2, 
Ji, J2); Pi, i = 1,2 is a permutation of the labels in Ji (we suppose |Jj| = 2fcj) and (— l) Pi is its 
sign. It is clear that (A7.3) is equivalent to (A4.10). 
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